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A brief history of minimal surfaces
The chronicle

Lagrange 1760
Euler-Lagrange equation of surface area functional for height !eld

Meusnier 1776
First non-trivial example: helicoid and catenoid

Monge and Legendre 1795
Representation formulas for minimal surfaces

Enneper and Weierstrass 1863?
Weierstrass representation and Enneper surface

Plateau 1873
Plateau’s laws of soap !lms
(including nonmanifold soap !lms)

Douglas 1931, Rado 1931 (independently)
Existence for disks based on conformal mapping

Courant 1936-40
Existence for more general boundary curves with conformal mapping

Scherk 1834
Third example of minimal surfaces (periodic)

Bernstein 1914
Boundaryless function graphs in R^3 are planes

Douglas 1927
Finite di"erence with multigrid acceleration
for height !eld with arbitrary boundary value

Wilson 1961
Finite di"erence with conformal mapping

Concus 1967
Finite di"erence for height !eld with Newton’s root !nding

Hinata, Shimasaki, and Kiyono 1974
Finite element for height !eld with Newton’s root !nding

Dziuk 1990
Discrete mean curvature L2 #ow

Dziuk and Hutchinson 1999
Convergence analysis on Plateau problem algorithms

Schumacher and Wardetzky 2019
Convergenece under re!nement

Kazhdan, Solomon, and Ben-Chen 2012
Conformal minimal surface by !nite element heat #ow

Brakke 1992
Surface Evolver (software)

Wagner 1977
Finite element for general trimesh

Sullivan 1990, Hirani 2003
Discrete minimal current with linear programming Dun!eld and Hirani 2011

Discrete minimal current on tetmesh
Dey, Hirani, and Krishnamoorthy 2011
Optimal homologous cycleParks 1992

Implementation of his 1977 work Parks and Pitts 2020
Discrete minimal current with Surface Evolver

Pinkall and Polthier 1993
Discrete mean curvature 
H1 gradient #ow

Crane, Pinkall, and Schröder 2011
Conformal Willmore #ow minimal surface

Parks and Pitts 1997
Minimal total variation levelset with branch cut

Popov 1996
Stretched grid method

Schwarz 1865-1867
Periodic Schwarz surface families

Kelvin 1887
Bubble foam packing problem

Costa 1982
Example of minimal surface other than
plane, catenoid, and helicoid

Federer and Fleming 1960
Geometric measure theory

Schoen 1970, Karcher 1989
Triply periodic minimal surfaces (lattices)

Brezis and Mironescu 2019
S1-valued minimizer of total variation

Bryant 1987
Constant mean curvature surface in 3D hyperbolic space

Björling 1844
Minimal surface with 
prescribed boundary and normal

Catalan 1842-43
Ruled minimal surface (helicoid) Parks 1977 (1986 book)

Levelset of functions with minimal total variations
with boundary on boundary of convex open sets

Taylor 1976
Soap !lm singularities
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Plateau problem

• : a (3-dimensional) manifold.  

• Given a closed boundary curve , that is, . 

• Find a surface  that

M
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finding the minimal surface with a given boundary curve

minimize Area(⌃)

s.t. @⌃ = �
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—well-known geometric processing fact.

“Area functional is not convex.”



—well-known geometric processing fact.
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—well-known geometric processing fact.
“Area functional is not convex.”

local minima



Surface representations

Implicit Explicit



Level-set-based methods

• Surface is implicitly stored with a spatial function  

• Level set

level sets are always implicitly closed

⌃ = {x 2 M |f(x) = 0}
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f : M ! R

<latexit sha1_base64="bKtvwnyLoT64j+LNOqAL+L+5ITI=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBVUja2kZXBTe6EKrYWmhCmUwn7dDJg5mJUkLBjb/ixoUibv0Jd/6Nk7aCih64cDjnXu69x4sZFdI0P7Tc3PzC4lJ+ubCyura+oW9utUSUcEyaOGIRb3tIEEZD0pRUMtKOOUGBx8i1NzzJ/OsbwgWNwis5iokboH5IfYqRVFJX3/GP4Tl0OO0PJOI8uoVOgOTA8+BlVy+ahmVVbduEplEqV2t2OSNm7ahagZZhTlAEMzS6+rvTi3ASkFBihoToWGYs3RRxSTEj44KTCBIjPER90lE0RAERbjr5YQz3ldKDfsRVhRJO1O8TKQqEGAWe6swOFL+9TPzL6yTSt92UhnEiSYini/yEQRnBLBDYo5xgyUaKIMypuhXiAeIISxVbQYXw9Sn8n7RKhlUxDi8qxfrZLI482AV74ABYoAbq4BQ0QBNgcAcewBN41u61R+1Fe5225rTZzDb4Ae3tExo0lz0=</latexit>



Level-set-based methods

• Surface is implicitly stored with a spatial function  

• Level set  

• Inherently,  boundary of an open region. 

• .

f : M ! R
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level sets are always implicitly closed
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Level-set-based methods
level sets are always implicitly closed
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Mesh-based methods

• Discrete curvature flow 

• Ill-conditioned Laplacian for low quality mesh

mesh-quality-dependent Laplacian



Mesh-based methods
explicit representation means discrete connectivity

• Discrete curvature flow 

• Ill-conditioned Laplacian for low quality mesh 

• Discrete operation to resolve topological difference



Our method









• Current = Differential form & distribution 

• Boundary constraint = weak derivative constraint of current 

• Area functional = mass norm of current 

• Cohomology condition 

• ADMM and results

Outline



Problem setup

• The “manifold”  

• (we chose compact  intentionally) 

• The “boundary curve”  

• A closed curve, i.e. 

M = T3
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(the assumptions)



Differential forms

•  with relation 

• Differential forms on  is  

• Exterior derivative 

⌦⇤ = {1, dx1, dx2, dx3, dx1 ^ dx2, · · · , dx1 ^ dx2 ^ dx3}

M

<latexit sha1_base64="hapo0kIhS8wI2G79Wgj+u3xdR8g=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgruNGF0IJ9QDuUTJppYzOZIckIZegXuHGhiFs/yZ1/Y6atoKIHLhzOuZd77/FjzpRG6MNaWV1b39jMbeW3d3b39gsHh20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPLzO/cU6lYJG71NKZeiEeCBYxgbaTmzaBQRLbjVF0XQWSXytWaW84Iql1UK9Cx0RxFsERjUHjvDyOShFRowrFSPQfF2kux1IxwOsv3E0VjTCZ4RHuGChxS5aXzQ2fw1ChDGETSlNBwrn6fSHGo1DT0TWeI9Vj99jLxL6+X6MD1UibiRFNBFouChEMdwexrOGSSEs2nhmAimbkVkjGWmGiTTd6E8PUp/J+0S7ZTsc+blWL9ehlHDhyDE3AGHFADdXAFGqAFCKDgATyBZ+vOerRerNdF64q1nDkCP2C9fQIew40x</latexit>

c.f. Bott & Tu 1991

dxi ^ dxj = �dxj ^ dxi

<latexit sha1_base64="Obsyv0D6y6LwhCIJaZMn2O7cLls=">AAACDHicdVDLTgIxFO3gC/GFunTTSEzcOJkBBFyYkLjRHSbySICQTucClc4jbUclhA9w46+4caExbv0Ad/6NHcD4iJ6k6ck556a9xwk5k8qy3o3E3PzC4lJyObWyura+kd7cqskgEhSqNOCBaDhEAmc+VBVTHBqhAOI5HOrO4CT261cgJAv8CzUMoe2Rns+6jBKlpU464950WOsa3B5gTS/xMT6Y3F8a0ynLtO1CqWRhy8zmCsVSLiZW8aiQx7ZpTZBBM1Q66beWG9DIA19RTqRs2lao2iMiFKMcxqlWJCEkdEB60NTUJx7I9miyzBjvacXF3UDo4ys8Ub9PjIgn5dBzdNIjqi9/e7H4l9eMVLfUHjE/jBT4dPpQN+JYBThuBrtMAFV8qAmhgum/YtonglCl+0vpEj43xf+TWta08+bheT5TPpvVkUQ7aBftIxsVURmdogqqIopu0T16RE/GnfFgPBsv02jCmM1sox8wXj8AuhCa1Q==</latexit>

⌦⇤(M) = C1(M)⌦
R
⌦⇤ =

3M

k=0

⌦k(M)

<latexit sha1_base64="HTfb+vHJOkMz/m+mCcJD7OZf4i0="></latexit>

df =
@f

@x1
dx1 +

@f

@x2
dx2 +

@f

@x3
dx3

<latexit sha1_base64="yyvlu471d+OydauqKfDQVrq61+o="></latexit>

d(fIdxI) = dfI ^ dxI

<latexit sha1_base64="h+BmMckjuQ4/Hq4/h9z6LaUpYfk="></latexit>

d : ⌦k(M) ! ⌦k+1(M)

<latexit sha1_base64="ZS8KY8lpCNQ5Fo78UQBhCGOANAI="></latexit>

⌦⇤ = {1, dx1, dx2, dx3, dx1 ^ dx2, · · · , dx1 ^ dx2 ^ dx3}

<latexit sha1_base64="3x/bhGD+MEhTnU1paM/zu1UKv54="></latexit>



Integrals

• Natural pairing between k forms and k-submanifolds  

• Integral is linear in ,!

<latexit sha1_base64="sY1hQrNWdkKYkrlPcmT0z5+VX9U=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbtJTOIt4EVvEcwDkiXMTmaTMfNYZmaFsOQfvHhQxKv/482/cTaJoKIFDUVVN91dYcyoNp734aysrq1vbOa28ts7u3v7hYPDtpaJwqSFJZOqGyJNGBWkZahhpBsrgnjISCecXGZ+554oTaW4NdOYBByNBI0oRsZK7b7kZIQGhaLn+n61Xveg55bK1Vq9nBGvdlGtQN/15iiCJZqDwnt/KHHCiTCYIa17vhebIEXKUMzILN9PNIkRnqAR6VkqECc6SOfXzuCpVYYwksqWMHCufp9IEdd6ykPbyZEZ699eJv7l9RIT1YOUijgxRODFoihh0EiYvQ6HVBFs2NQShBW1t0I8RgphYwPK2xC+PoX/k3bJ9Svu+U2l2LhexpEDx+AEnAEf1EADXIEmaAEM7sADeALPjnQenRfnddG64ixnjsAPOG+fCeePew==</latexit>

natural linear functional on differential forms

h⌃|!i =
Z

⌃
!

<latexit sha1_base64="yTydro8gBOPO/SoGdzYWw+b+dPk="></latexit>

�
⌦k(M)

�⇤ �
⇢
! 7!

Z

⌃
!

���� ⌃ ,! M : k-submanifold

�

<latexit sha1_base64="dYCHYDOcLUmHOlJ9P/BIyVj6mJc="></latexit>

Z

S
f(x, y)dxdy =

Z

S
fdA

Z

↵1S1+↵2S2

f(x, y)dxdy = ↵1

Z

S1

fdA+ ↵2

Z

S2

fdA



Integrals
natural linear functional on differential forms

{⌃ : k-dim geometry} !
⇢
! 7!

Z

⌃
! : integrals of k-forms

�

<latexit sha1_base64="xf8tYn+9BsswtDc5wNg1t/2lTms="></latexit>

• Natural pairing between k forms and k-submanifolds  

• Integral is linear in ,!

<latexit sha1_base64="sY1hQrNWdkKYkrlPcmT0z5+VX9U=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbtJTOIt4EVvEcwDkiXMTmaTMfNYZmaFsOQfvHhQxKv/482/cTaJoKIFDUVVN91dYcyoNp734aysrq1vbOa28ts7u3v7hYPDtpaJwqSFJZOqGyJNGBWkZahhpBsrgnjISCecXGZ+554oTaW4NdOYBByNBI0oRsZK7b7kZIQGhaLn+n61Xveg55bK1Vq9nBGvdlGtQN/15iiCJZqDwnt/KHHCiTCYIa17vhebIEXKUMzILN9PNIkRnqAR6VkqECc6SOfXzuCpVYYwksqWMHCufp9IEdd6ykPbyZEZ699eJv7l9RIT1YOUijgxRODFoihh0EiYvQ6HVBFs2NQShBW1t0I8RgphYwPK2xC+PoX/k3bJ9Svu+U2l2LhexpEDx+AEnAEf1EADXIEmaAEM7sADeALPjnQenRfnddG64ixnjsAPOG+fCeePew==</latexit>

h⌃|!i =
Z

⌃
!

<latexit sha1_base64="yTydro8gBOPO/SoGdzYWw+b+dPk="></latexit>

�
⌦k(M)

�⇤ �
⇢
! 7!

Z

⌃
!

���� ⌃ ,! M : k-submanifold

�

<latexit sha1_base64="dYCHYDOcLUmHOlJ9P/BIyVj6mJc="></latexit>



• A point  can be represented by a Dirac-delta measure 
 
 

p 2 M

0-dim geometry (points)  dual of 0-forms (functions) !

<latexit sha1_base64="zVroTTITMzTlrzEQKTs6Fjyx3Vs=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB4WnaTmMRbwIveIpgHJCHMTmaTIbMzy0yvEkL8FS8eFPHqh3jzb5w8BBUtaCiquunuCmLBDXjeh7Oyura+sZnaSm/v7O7tZw4OG0YlmrI6VULpVkAME1yyOnAQrBVrRqJAsGYwupj5zVumDVfyBsYx60ZkIHnIKQEr9TLZjlByIFgImg+GQLRWd71MznN9v1SpeNhz84VSuVKYEa98Xipi3/XmyKElar3Me6evaBIxCVQQY9q+F0N3QjRwKtg03UkMiwkdkQFrWypJxEx3Mj9+ik+s0seh0rYk4Ln6fWJCImPGUWA7IwJD89ubiX957QTCSnfCZZwAk3SxKEwEBoVnSeA+14yCGFtCqOb2VkyHRBMKNq+0DeHrU/w/aeRdv+ieXRdz1atlHCl0hI7RKfJRGVXRJaqhOqJojB7QE3p27p1H58V5XbSuOMuZLPoB5+0TIyGVyQ==</latexit>

Dirac-delta function measure

�p : C1(M) ! R
f 7! f(p)

<latexit sha1_base64="TdBGbozrUSSdH7rgHKs56CZ72IQ="></latexit>

Z

M
f�p = f(p)

<latexit sha1_base64="WQgMyECsuG6oxSS6ulMyL6Z3OJQ=">AAACAHicdVBNS8NAEN3Ur1q/qh48eFksQr2ERGtbD0LBix6ECrYKTQmb7aYubjZhdyKU0ot/xYsHRbz6M7z5b9y0FVT0wcDjvRlm5gWJ4Boc58PKzczOzS/kFwtLyyura8X1jbaOU0VZi8YiVtcB0UxwyVrAQbDrRDESBYJdBbcnmX91x5TmsbyEQcK6EelLHnJKwEh+ccvjEvxzHHo9JoD4CT7GYTnZ84slx3bdar3uYMfeP6jW6gcZcWpH1Qp2bWeMEpqi6RffvV5M04hJoIJo3XGdBLpDooBTwUYFL9UsIfSW9FnHUEkiprvD8QMjvGuUHg5jZUoCHqvfJ4Yk0noQBaYzInCjf3uZ+JfXSSGsd4dcJikwSSeLwlRgiHGWBu5xxSiIgSGEKm5uxfSGKELBZFYwIXx9iv8n7X3brdiHF5VS42waRx5tox1URi6qoQY6RU3UQhSN0AN6Qs/WvfVovVivk9acNZ3ZRD9gvX0CViGVow==</latexit>

p 2 M

<latexit sha1_base64="JqP+hFEOeJY2CrdZnG5xmPIlt6c=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY0uhAr2Ae1QMmmmjc1khiQjlKH/4MaFIm79H3f+jZm2gooeuHA4517uvcePOVMaoQ8rt7K6tr6R3yxsbe/s7hX3D9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8ScXmd+5p1KxSNzqaUy9EI8ECxjB2kjtuM8EvB4US8h2nJrrIojscqVWdysZQfXzWhU6NpqjBJZoDorv/WFEkpAKTThWquegWHsplpoRTmeFfqJojMkEj2jPUIFDqrx0fu0MnhhlCINImhIaztXvEykOlZqGvukMsR6r314m/uX1Eh24XspEnGgqyGJRkHCoI5i9DodMUqL51BBMJDO3QjLGEhNtAiqYEL4+hf+Tdtl2qvbZTbXUuFrGkQdH4BicAgfUQQNcgiZoAQLuwAN4As9WZD1aL9brojVnLWcOwQ9Yb5+I248m</latexit>

�p =

⇢
1 at p

0 else



• A point  can be represented by a Dirac-delta measure 
 
 

• “Fuzzy” version:

p 2 M

0-dim geometry (points)  dual of 0-forms (functions) !

<latexit sha1_base64="zVroTTITMzTlrzEQKTs6Fjyx3Vs=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB4WnaTmMRbwIveIpgHJCHMTmaTIbMzy0yvEkL8FS8eFPHqh3jzb5w8BBUtaCiquunuCmLBDXjeh7Oyura+sZnaSm/v7O7tZw4OG0YlmrI6VULpVkAME1yyOnAQrBVrRqJAsGYwupj5zVumDVfyBsYx60ZkIHnIKQEr9TLZjlByIFgImg+GQLRWd71MznN9v1SpeNhz84VSuVKYEa98Xipi3/XmyKElar3Me6evaBIxCVQQY9q+F0N3QjRwKtg03UkMiwkdkQFrWypJxEx3Mj9+ik+s0seh0rYk4Ln6fWJCImPGUWA7IwJD89ubiX957QTCSnfCZZwAk3SxKEwEBoVnSeA+14yCGFtCqOb2VkyHRBMKNq+0DeHrU/w/aeRdv+ieXRdz1atlHCl0hI7RKfJRGVXRJaqhOqJojB7QE3p27p1H58V5XbSuOMuZLPoB5+0TIyGVyQ==</latexit>

Dirac-delta function measure

p

<latexit sha1_base64="IjVQq0Zy4eoQI8j6O1ymN2Xy4g4=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmrFw2IJ2Y5Tc10EkV2u1OpuJSOoflmrQsdGC5TACs1h8X0wikgSUqEJx0r1HRRrL8VSM8LpvDBIFI0xmeIx7RsqcEiVly4OncMzo4xgEElTQsOF+n0ixaFSs9A3nSHWE/Xby8S/vH6iA9dLmYgTTQVZLgoSDnUEs6/hiElKNJ8Zgolk5lZIJlhiok02BRPC16fwf9Ip207VvmhVS42bVRx5cAJOwTlwQB00wDVogjYggIIH8ASerTvr0XqxXpetOWs1cwx+wHr7BFPPjVQ=</latexit>

2✏

<latexit sha1_base64="Ze1kXhzNC3lAsWcDSnC6Bxb0DhM=">AAAB8HicdVBdSwJBFJ21L7Mvq8dehiToadlV0+1N6KXeDFILXWR2nNXB+VhmZgMRf0UvPRTRaz+nt/5Ns2pQUQcuHM65l3vviRJGtfG8Dye3srq2vpHfLGxt7+zuFfcP2lqmCpMWlkyq2whpwqggLUMNI7eJIohHjHSi8UXmd+6J0lSKGzNJSMjRUNCYYmSsdFfukURTJkW/WPJc368FgQc9t1yp1YNKRrz6ea0KfdebowSWaPaL772BxCknwmCGtO76XmLCKVKGYkZmhV6qSYLwGA1J11KBONHhdH7wDJ5YZQBjqWwJA+fq94kp4lpPeGQ7OTIj/dvLxL+8bmriIJxSkaSGCLxYFKcMGgmz7+GAKoINm1iCsKL2VohHSCFsbEYFG8LXp/B/0i67ftU9u66WGlfLOPLgCByDU+CDOmiAS9AELYABBw/gCTw7ynl0XpzXRWvOWc4cgh9w3j4BONGQvA==</latexit>

�p : C1(M) ! R
f 7! f(p)

<latexit sha1_base64="TdBGbozrUSSdH7rgHKs56CZ72IQ="></latexit>

�p(x) ⇡

8
<

:

1

✏3|B1(0)|
,x 2 B✏(p)

0, otherwise

<latexit sha1_base64="5arNksBi20DL19jQoQ6mzpsZ/8k="></latexit>

Z

M
f�p = f(p)

<latexit sha1_base64="WQgMyECsuG6oxSS6ulMyL6Z3OJQ=">AAACAHicdVBNS8NAEN3Ur1q/qh48eFksQr2ERGtbD0LBix6ECrYKTQmb7aYubjZhdyKU0ot/xYsHRbz6M7z5b9y0FVT0wcDjvRlm5gWJ4Boc58PKzczOzS/kFwtLyyura8X1jbaOU0VZi8YiVtcB0UxwyVrAQbDrRDESBYJdBbcnmX91x5TmsbyEQcK6EelLHnJKwEh+ccvjEvxzHHo9JoD4CT7GYTnZ84slx3bdar3uYMfeP6jW6gcZcWpH1Qp2bWeMEpqi6RffvV5M04hJoIJo3XGdBLpDooBTwUYFL9UsIfSW9FnHUEkiprvD8QMjvGuUHg5jZUoCHqvfJ4Yk0noQBaYzInCjf3uZ+JfXSSGsd4dcJikwSSeLwlRgiHGWBu5xxSiIgSGEKm5uxfSGKELBZFYwIXx9iv8n7X3brdiHF5VS42waRx5tox1URi6qoQY6RU3UQhSN0AN6Qs/WvfVovVivk9acNZ3ZRD9gvX0CViGVow==</latexit>

p 2 M

<latexit sha1_base64="JqP+hFEOeJY2CrdZnG5xmPIlt6c=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY0uhAr2Ae1QMmmmjc1khiQjlKH/4MaFIm79H3f+jZm2gooeuHA4517uvcePOVMaoQ8rt7K6tr6R3yxsbe/s7hX3D9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8ScXmd+5p1KxSNzqaUy9EI8ECxjB2kjtuM8EvB4US8h2nJrrIojscqVWdysZQfXzWhU6NpqjBJZoDorv/WFEkpAKTThWquegWHsplpoRTmeFfqJojMkEj2jPUIFDqrx0fu0MnhhlCINImhIaztXvEykOlZqGvukMsR6r314m/uX1Eh24XspEnGgqyGJRkHCoI5i9DodMUqL51BBMJDO3QjLGEhNtAiqYEL4+hf+Tdtl2qvbZTbXUuFrGkQdH4BicAgfUQQNcgiZoAQLuwAN4As9WZD1aL9brojVnLWcOwQ9Yb5+I248m</latexit>

�p =

⇢
1 at p

0 else



•  is a k-dimensional submanifold 

• Represented by a linear functional on smooth k-forms 

• Denoted as

⌃ ,! M

<latexit sha1_base64="5zRy11ARREMYBWJyuSmVHRD5MGg=">AAACAHicdVBNS8NAEN3Ur1q/qh48eFksgqeQtLWtt4IXPQgVbS00oWy2m2TpJht2N0opvfhXvHhQxKs/w5v/xk1bQUUfDDzem2FmnpcwKpVlfRi5hcWl5ZX8amFtfWNzq7i905E8FZi0MWdcdD0kCaMxaSuqGOkmgqDIY+TGG55m/s0tEZLy+FqNEuJGKIipTzFSWuoX95wrGkTICTkfChqECgnB7+BFv1iyTNuuNRoWtMxypVZvVDJi1U9qVWib1hQlMEerX3x3BhynEYkVZkjKnm0lyh0joShmZFJwUkkShIcoID1NYxQR6Y6nD0zgoVYG0OdCV6zgVP0+MUaRlKPI050RUqH87WXiX14vVX7DHdM4SRWJ8WyRnzKoOMzSgAMqCFZspAnCgupbIQ6RQFjpzAo6hK9P4f+kUzbtqnl8WS01z+dx5ME+OABHwAZ10ARnoAXaAIMJeABP4Nm4Nx6NF+N11poz5jO74AeMt09yS5cB</latexit>

linear functional on smooth k-forms
Dirac-delta “form”

Z

M
! ^ �⌃ =

Z

⌃
!

<latexit sha1_base64="+qP8ztVfOsF/1GssRalMDFU4SDA="></latexit>

�⌃ : ⌦k(M) ! R

! 7!
Z

⌃
!

<latexit sha1_base64="I3TfzuHrFUSi0QM+QHogzsDVZDA="></latexit>



• 1D: curve  

• Line integral 

• “Fuzzy” version

� ,! M

<latexit sha1_base64="5495bN4p+Q4ohm+BQ7RWYXJEwyA=">AAACAXicdVBNSwMxEM36bf2qehG8BIvgadm1ta23ggf1IFSwWuiWMpumbWiyWZKsUha9+Fe8eFDEq//Cm//G9ENQ0QcDj/dmmJkXxpxp43kfztT0zOzc/MJiZml5ZXUtu75xqWWiCK0RyaWqh6ApZxGtGWY4rceKggg5vQr7R0P/6poqzWR0YQYxbQroRqzDCBgrtbJbwTEIATjoSdlXrNszoJS8wWetbM5zfb9YLnvYc/fzxVI5PyRe6bBYwL7rjZBDE1Rb2fegLUkiaGQIB60bvhebZgrKMMLpbSZINI2B9KFLG5ZGIKhupqMPbvGuVdq4I5WtyOCR+n0iBaH1QIS2U4Dp6d/eUPzLaySmU26mLIoTQyMyXtRJODYSD+PAbaYoMXxgCRDF7K2Y9EABMTa0jA3h61P8P7ncd/2Ce3BeyFVOJ3EsoG20g/aQj0qogk5QFdUQQXfoAT2hZ+feeXRenNdx65QzmdlEP+C8fQK195cd</latexit>

linear functional on smooth k-forms
Dirac-delta “form”

�� : ⌘ 2 C1⌦1(M) 7!
Z

�
⌘

<latexit sha1_base64="bLuObGFFKVI4w0BZJAGSgYlxu2A="></latexit>

��(x) ⇡

8
<

:

1

⇡✏2
t�(x),x 2 N✏(�)

0,otherwise

<latexit sha1_base64="UG11jtBjmD3Q5TlMtVxDVJ3F2gk="></latexit>

Z

M
v · ��dV ⇡

Z

�
v · t�ds

<latexit sha1_base64="0A4cjxRye43+2aI/B8FG/EbIAes="></latexit>



• 1D: curve  

• Line integral 

• “Fuzzy” version

� ,! M

<latexit sha1_base64="5495bN4p+Q4ohm+BQ7RWYXJEwyA=">AAACAXicdVBNSwMxEM36bf2qehG8BIvgadm1ta23ggf1IFSwWuiWMpumbWiyWZKsUha9+Fe8eFDEq//Cm//G9ENQ0QcDj/dmmJkXxpxp43kfztT0zOzc/MJiZml5ZXUtu75xqWWiCK0RyaWqh6ApZxGtGWY4rceKggg5vQr7R0P/6poqzWR0YQYxbQroRqzDCBgrtbJbwTEIATjoSdlXrNszoJS8wWetbM5zfb9YLnvYc/fzxVI5PyRe6bBYwL7rjZBDE1Rb2fegLUkiaGQIB60bvhebZgrKMMLpbSZINI2B9KFLG5ZGIKhupqMPbvGuVdq4I5WtyOCR+n0iBaH1QIS2U4Dp6d/eUPzLaySmU26mLIoTQyMyXtRJODYSD+PAbaYoMXxgCRDF7K2Y9EABMTa0jA3h61P8P7ncd/2Ce3BeyFVOJ3EsoG20g/aQj0qogk5QFdUQQXfoAT2hZ+feeXRenNdx65QzmdlEP+C8fQK195cd</latexit>

linear functional on smooth k-forms
Dirac-delta “form”

�� : ⌘ 2 C1⌦1(M) 7!
Z

�
⌘

<latexit sha1_base64="bLuObGFFKVI4w0BZJAGSgYlxu2A="></latexit>

��(x) ⇡

8
<

:

1

⇡✏2
t�(x),x 2 N✏(�)

0,otherwise

<latexit sha1_base64="UG11jtBjmD3Q5TlMtVxDVJ3F2gk="></latexit>

Z

M
v · ��dV ⇡

Z

�
v · t�ds

<latexit sha1_base64="0A4cjxRye43+2aI/B8FG/EbIAes="></latexit>



linear functional on smooth k-forms
Dirac-delta “form”

• 2D: surface  

• Flux integral 

• “Fuzzy” version 

⌃ ,! M

<latexit sha1_base64="5zRy11ARREMYBWJyuSmVHRD5MGg=">AAACAHicdVBNS8NAEN3Ur1q/qh48eFksgqeQtLWtt4IXPQgVbS00oWy2m2TpJht2N0opvfhXvHhQxKs/w5v/xk1bQUUfDDzem2FmnpcwKpVlfRi5hcWl5ZX8amFtfWNzq7i905E8FZi0MWdcdD0kCaMxaSuqGOkmgqDIY+TGG55m/s0tEZLy+FqNEuJGKIipTzFSWuoX95wrGkTICTkfChqECgnB7+BFv1iyTNuuNRoWtMxypVZvVDJi1U9qVWib1hQlMEerX3x3BhynEYkVZkjKnm0lyh0joShmZFJwUkkShIcoID1NYxQR6Y6nD0zgoVYG0OdCV6zgVP0+MUaRlKPI050RUqH87WXiX14vVX7DHdM4SRWJ8WyRnzKoOMzSgAMqCFZspAnCgupbIQ6RQFjpzAo6hK9P4f+kUzbtqnl8WS01z+dx5ME+OABHwAZ10ARnoAXaAIMJeABP4Nm4Nx6NF+N11poz5jO74AeMt09yS5cB</latexit>

�⌃ : ! 2 C1⌦2(M) 7!
Z

⌃
!

<latexit sha1_base64="OwxfDN9QdDQPbQungcnLPIh+vo4="></latexit>

Z

M
v · �⌃dV ⇡

Z

⌃
v · n⌃dS

<latexit sha1_base64="SFEUhEk7dgzrhwBv1LOi+v4qrlc="></latexit>

�⌃(x) ⇡

8
<

:

1

2✏
n⌃(x),x 2 N✏(⌃)

0,otherwise

<latexit sha1_base64="siUGY3eZHmXG+iaL7Tdy0Abtnzc="></latexit>



linear functional on smooth k-forms
Dirac-delta “form”

• 2D: surface  

• Flux integral 

• “Fuzzy” version 

⌃ ,! M

<latexit sha1_base64="5zRy11ARREMYBWJyuSmVHRD5MGg=">AAACAHicdVBNS8NAEN3Ur1q/qh48eFksgqeQtLWtt4IXPQgVbS00oWy2m2TpJht2N0opvfhXvHhQxKs/w5v/xk1bQUUfDDzem2FmnpcwKpVlfRi5hcWl5ZX8amFtfWNzq7i905E8FZi0MWdcdD0kCaMxaSuqGOkmgqDIY+TGG55m/s0tEZLy+FqNEuJGKIipTzFSWuoX95wrGkTICTkfChqECgnB7+BFv1iyTNuuNRoWtMxypVZvVDJi1U9qVWib1hQlMEerX3x3BhynEYkVZkjKnm0lyh0joShmZFJwUkkShIcoID1NYxQR6Y6nD0zgoVYG0OdCV6zgVP0+MUaRlKPI050RUqH87WXiX14vVX7DHdM4SRWJ8WyRnzKoOMzSgAMqCFZspAnCgupbIQ6RQFjpzAo6hK9P4f+kUzbtqnl8WS01z+dx5ME+OABHwAZ10ARnoAXaAIMJeABP4Nm4Nx6NF+N11poz5jO74AeMt09yS5cB</latexit>

�⌃ : ! 2 C1⌦2(M) 7!
Z

⌃
!

<latexit sha1_base64="OwxfDN9QdDQPbQungcnLPIh+vo4="></latexit>

Z

M
v · �⌃dV ⇡

Z

⌃
v · n⌃dS

<latexit sha1_base64="SFEUhEk7dgzrhwBv1LOi+v4qrlc="></latexit>

�⌃(x) ⇡

8
<

:

1

2✏
n⌃(x),x 2 N✏(⌃)

0,otherwise

<latexit sha1_base64="siUGY3eZHmXG+iaL7Tdy0Abtnzc="></latexit>



Surface
as taking flux on 2-forms

Z

M
v · �⌃dV ⇡

Z

⌃
v · n⌃dS

<latexit sha1_base64="SFEUhEk7dgzrhwBv1LOi+v4qrlc="></latexit>

�⌃(x) ⇡

8
<

:

1

2✏
n⌃(x),x 2 N✏(⌃)

0,otherwise

<latexit sha1_base64="siUGY3eZHmXG+iaL7Tdy0Abtnzc="></latexit>



Dirac-delta “form”

• Linear functional on smooth (compactly-supported) k-forms 

•
Z

M
! ^ �⌃ =

Z

⌃
!

<latexit sha1_base64="+qP8ztVfOsF/1GssRalMDFU4SDA="></latexit>

degree

k

<latexit sha1_base64="n6a7Kc9BDKC1W7uyhnn6uM4CONM=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmpNh8USsh2n5roIIrtcqdXdSkZQ/bJWhY6NFiiBFZrD4vtgFJEkpEITjpXqOyjWXoqlZoTTeWGQKBpjMsVj2jdU4JAqL10cOodnRhnBIJKmhIYL9ftEikOlZqFvOkOsJ+q3l4l/ef1EB66XMhEnmgqyXBQkHOoIZl/DEZOUaD4zBBPJzK2QTLDERJtsCiaEr0/h/6RTtp2qfdGqlho3qzjy4AScgnPggDpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CUw7jU8=</latexit>

k

<latexit sha1_base64="n6a7Kc9BDKC1W7uyhnn6uM4CONM=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmpNh8USsh2n5roIIrtcqdXdSkZQ/bJWhY6NFiiBFZrD4vtgFJEkpEITjpXqOyjWXoqlZoTTeWGQKBpjMsVj2jdU4JAqL10cOodnRhnBIJKmhIYL9ftEikOlZqFvOkOsJ+q3l4l/ef1EB66XMhEnmgqyXBQkHOoIZl/DEZOUaD4zBBPJzK2QTLDERJtsCiaEr0/h/6RTtp2qfdGqlho3qzjy4AScgnPggDpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CUw7jU8=</latexit>

n� k

<latexit sha1_base64="8VjDNC06Z4xv2xm4P+FuSxQf9JU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4cci0tR13BTe6q2gf0A4lk2ba0ExmSDJCGfoJblwo4tYvcuffmGkrqOiBC4dz7uXee/yYM6UR+rByK6tr6xv5zcLW9s7uXnH/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KZ+Z17KhWLxJ2extQL8UiwgBGsjXQrziaDYgnZjlNzXQSRXa7U6m4lI6h+UatCx0ZzlMASzUHxvT+MSBJSoQnHSvUcFGsvxVIzwums0E8UjTGZ4BHtGSpwSJWXzk+dwROjDGEQSVNCw7n6fSLFoVLT0DedIdZj9dvLxL+8XqID10uZiBNNBVksChIOdQSzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0i7bTtU+v6mWGtfLOPLgCByDU+CAOmiAK9AELUDACDyAJ/BscevRerFeF605azlzCH7AevsEggmN/g==</latexit>



k

<latexit sha1_base64="n6a7Kc9BDKC1W7uyhnn6uM4CONM=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmpNh8USsh2n5roIIrtcqdXdSkZQ/bJWhY6NFiiBFZrD4vtgFJEkpEITjpXqOyjWXoqlZoTTeWGQKBpjMsVj2jdU4JAqL10cOodnRhnBIJKmhIYL9ftEikOlZqFvOkOsJ+q3l4l/ef1EB66XMhEnmgqyXBQkHOoIZl/DEZOUaD4zBBPJzK2QTLDERJtsCiaEr0/h/6RTtp2qfdGqlho3qzjy4AScgnPggDpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CUw7jU8=</latexit>

n� k

<latexit sha1_base64="8VjDNC06Z4xv2xm4P+FuSxQf9JU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4cci0tR13BTe6q2gf0A4lk2ba0ExmSDJCGfoJblwo4tYvcuffmGkrqOiBC4dz7uXee/yYM6UR+rByK6tr6xv5zcLW9s7uXnH/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KZ+Z17KhWLxJ2extQL8UiwgBGsjXQrziaDYgnZjlNzXQSRXa7U6m4lI6h+UatCx0ZzlMASzUHxvT+MSBJSoQnHSvUcFGsvxVIzwums0E8UjTGZ4BHtGSpwSJWXzk+dwROjDGEQSVNCw7n6fSLFoVLT0DedIdZj9dvLxL+8XqID10uZiBNNBVksChIOdQSzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0i7bTtU+v6mWGtfLOPLgCByDU+CAOmiAK9AELUDACDyAJ/BscevRerFeF605azlzCH7AevsEggmN/g==</latexit>

k

<latexit sha1_base64="n6a7Kc9BDKC1W7uyhnn6uM4CONM=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmpNh8USsh2n5roIIrtcqdXdSkZQ/bJWhY6NFiiBFZrD4vtgFJEkpEITjpXqOyjWXoqlZoTTeWGQKBpjMsVj2jdU4JAqL10cOodnRhnBIJKmhIYL9ftEikOlZqFvOkOsJ+q3l4l/ef1EB66XMhEnmgqyXBQkHOoIZl/DEZOUaD4zBBPJzK2QTLDERJtsCiaEr0/h/6RTtp2qfdGqlho3qzjy4AScgnPggDpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CUw7jU8=</latexit>

n� k

<latexit sha1_base64="8VjDNC06Z4xv2xm4P+FuSxQf9JU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4cci0tR13BTe6q2gf0A4lk2ba0ExmSDJCGfoJblwo4tYvcuffmGkrqOiBC4dz7uXee/yYM6UR+rByK6tr6xv5zcLW9s7uXnH/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KZ+Z17KhWLxJ2extQL8UiwgBGsjXQrziaDYgnZjlNzXQSRXa7U6m4lI6h+UatCx0ZzlMASzUHxvT+MSBJSoQnHSvUcFGsvxVIzwums0E8UjTGZ4BHtGSpwSJWXzk+dwROjDGEQSVNCw7n6fSLFoVLT0DedIdZj9dvLxL+8XqID10uZiBNNBVksChIOdQSzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0i7bTtU+v6mWGtfLOPLgCByDU+CAOmiAK9AELUDACDyAJ/BscevRerFeF605azlzCH7AevsEggmN/g==</latexit>

• Linear functional on smooth (compactly-supported) k-forms 

•
Z

M
! ^ �⌃ =

Z

⌃
!

<latexit sha1_base64="+qP8ztVfOsF/1GssRalMDFU4SDA="></latexit>

Dirac-delta “form”
degree



• Linear functional on smooth (compactly-supported) -forms 

•  

• Denoted all linear functional on smooth k-forms by 

• For easy distinction, denote smooth k-forms as

k

<latexit sha1_base64="n6a7Kc9BDKC1W7uyhnn6uM4CONM=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmpNh8USsh2n5roIIrtcqdXdSkZQ/bJWhY6NFiiBFZrD4vtgFJEkpEITjpXqOyjWXoqlZoTTeWGQKBpjMsVj2jdU4JAqL10cOodnRhnBIJKmhIYL9ftEikOlZqFvOkOsJ+q3l4l/ef1EB66XMhEnmgqyXBQkHOoIZl/DEZOUaD4zBBPJzK2QTLDERJtsCiaEr0/h/6RTtp2qfdGqlho3qzjy4AScgnPggDpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CUw7jU8=</latexit>

Z

M
! ^ �⌃ =

Z

⌃
!

<latexit sha1_base64="+qP8ztVfOsF/1GssRalMDFU4SDA="></latexit>

k

<latexit sha1_base64="n6a7Kc9BDKC1W7uyhnn6uM4CONM=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmpNh8USsh2n5roIIrtcqdXdSkZQ/bJWhY6NFiiBFZrD4vtgFJEkpEITjpXqOyjWXoqlZoTTeWGQKBpjMsVj2jdU4JAqL10cOodnRhnBIJKmhIYL9ftEikOlZqFvOkOsJ+q3l4l/ef1EB66XMhEnmgqyXBQkHOoIZl/DEZOUaD4zBBPJzK2QTLDERJtsCiaEr0/h/6RTtp2qfdGqlho3qzjy4AScgnPggDpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CUw7jU8=</latexit>

n� k

<latexit sha1_base64="8VjDNC06Z4xv2xm4P+FuSxQf9JU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4cci0tR13BTe6q2gf0A4lk2ba0ExmSDJCGfoJblwo4tYvcuffmGkrqOiBC4dz7uXee/yYM6UR+rByK6tr6xv5zcLW9s7uXnH/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KZ+Z17KhWLxJ2extQL8UiwgBGsjXQrziaDYgnZjlNzXQSRXa7U6m4lI6h+UatCx0ZzlMASzUHxvT+MSBJSoQnHSvUcFGsvxVIzwums0E8UjTGZ4BHtGSpwSJWXzk+dwROjDGEQSVNCw7n6fSLFoVLT0DedIdZj9dvLxL+8XqID10uZiBNNBVksChIOdQSzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0i7bTtU+v6mWGtfLOPLgCByDU+CAOmiAK9AELUDACDyAJ/BscevRerFeF605azlzCH7AevsEggmN/g==</latexit>

k

<latexit sha1_base64="n6a7Kc9BDKC1W7uyhnn6uM4CONM=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmpNh8USsh2n5roIIrtcqdXdSkZQ/bJWhY6NFiiBFZrD4vtgFJEkpEITjpXqOyjWXoqlZoTTeWGQKBpjMsVj2jdU4JAqL10cOodnRhnBIJKmhIYL9ftEikOlZqFvOkOsJ+q3l4l/ef1EB66XMhEnmgqyXBQkHOoIZl/DEZOUaD4zBBPJzK2QTLDERJtsCiaEr0/h/6RTtp2qfdGqlho3qzjy4AScgnPggDpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CUw7jU8=</latexit>

n� k

<latexit sha1_base64="8VjDNC06Z4xv2xm4P+FuSxQf9JU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4cci0tR13BTe6q2gf0A4lk2ba0ExmSDJCGfoJblwo4tYvcuffmGkrqOiBC4dz7uXee/yYM6UR+rByK6tr6xv5zcLW9s7uXnH/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KZ+Z17KhWLxJ2extQL8UiwgBGsjXQrziaDYgnZjlNzXQSRXa7U6m4lI6h+UatCx0ZzlMASzUHxvT+MSBJSoQnHSvUcFGsvxVIzwums0E8UjTGZ4BHtGSpwSJWXzk+dwROjDGEQSVNCw7n6fSLFoVLT0DedIdZj9dvLxL+8XqID10uZiBNNBVksChIOdQSzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0i7bTtU+v6mWGtfLOPLgCByDU+CAOmiAK9AELUDACDyAJ/BscevRerFeF605azlzCH7AevsEggmN/g==</latexit>

Dirac-delta “form” to space of current
degree

C1⌦k(M)

<latexit sha1_base64="ll1iW+TjGQaAch271vyH0+KWSk8=">AAAB/HicdVDLSsNAFJ3UV62vapduBotQNyFpa1t3hW50IVawtdAXk+mkHTqZhJmJEEL9FTcuFHHrh7jzb5y0FVT0wIXDOfdy7z1OwKhUlvVhpFZW19Y30puZre2d3b3s/kFb+qHApIV95ouOgyRhlJOWooqRTiAI8hxGbp1pI/Fv74iQ1Oc3KgpI30NjTl2KkdLSMJtrDHqUuyrqXXlkjAbTwuXJMJu3TNuu1GoWtMxiqVKtlRJiVc8qZWib1hx5sERzmH3vjXwceoQrzJCUXdsKVD9GQlHMyCzTCyUJEJ6iMelqypFHZD+eHz+Dx1oZQdcXuriCc/X7RIw8KSPP0Z0eUhP520vEv7xuqNxaP6Y8CBXheLHIDRlUPkySgCMqCFYs0gRhQfWtEE+QQFjpvDI6hK9P4f+kXTTtsnl6Xc7XL5ZxpMEhOAIFYIMqqINz0AQtgEEEHsATeDbujUfjxXhdtKaM5UwO/IDx9glU6JSc</latexit>

D⌦n�k(M) = (⌦k(M))⇤ = (C1(M))⇤ ⌦ {dxI : |I| = n� k}

<latexit sha1_base64="Xj+5JA5Hg/2EFLzS6AtOEjmk+uo="></latexit>



Currents

• Linear combination  

• Superposition of submanifolds

properties

↵1⌃1 + · · ·+ ↵m⌃m

<latexit sha1_base64="UPVizCsUfqRLC8KOfqiSW9s4zoY="></latexit>

↵1�⌃1 + · · ·+ ↵m�⌃m : ! 2 C1⌦1(M) 7! ↵1

Z

⌃1

! + · · ·+ ↵m

Z

⌃m

!

<latexit sha1_base64="1FoBS1wskrINOPxAvb8xmneptFs="></latexit>



Surface                           Dirac-delta 1-form ⌃ ,! M

<latexit sha1_base64="xn3KOulZZsSleI/Xzcp/ML+zZ+Q=">AAACAXicdVBNS8NAEN3Ur1q/ql4EL4tF8BSStrb1VvDiRahoW6EJZbPdpEs32bC7UUqoF/+KFw+KePVfePPfuGkrqOiDgcd7M8zM82JGpbKsDyO3sLi0vJJfLaytb2xuFbd3OpInApM25oyLaw9JwmhE2ooqRq5jQVDoMdL1RqeZ370hQlIeXalxTNwQBRH1KUZKS/3innNJgxBBZ8j5SNBgqJAQ/Bae94sly7TtWqNhQcssV2r1RiUjVv2kVoW2aU1RAnO0+sV3Z8BxEpJIYYak7NlWrNwUCUUxI5OCk0gSIzxCAelpGqGQSDedfjCBh1oZQJ8LXZGCU/X7RIpCKcehpztDpIbyt5eJf3m9RPkNN6VRnCgS4dkiP2FQcZjFAQdUEKzYWBOEBdW3QjxEAmGlQyvoEL4+hf+TTtm0q+bxRbXUbM3jyIN9cACOgA3qoAnOQAu0AQZ34AE8gWfj3ng0XozXWWvOmM/sgh8w3j4BzoKXMg==</latexit>

�⌃ 2 D⌦1(M)

<latexit sha1_base64="VZ3fQ+tA3wbwaAxFOsnxxLvjpP0="></latexit>



Currents

• Stokes’ Theorem

Stokes’ theorem
Z

@N
⌫ =

Z

N
d⌫

<latexit sha1_base64="ZzHtDV54SI3yG6w+eFQGLEgpHhA="></latexit>

�@N [⌫] = �N � d[⌫]

<latexit sha1_base64="1LU8BIod+3VU5EdYr9oEdZ19YSs="></latexit>



Currents

•  in the weak sense if   

• As operation on , weak derivative 

g = Df

'

<latexit sha1_base64="uFMgT9CfD5/zrCojLHTotGM41DM=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6at7bgruNFdBfuAdiiZNG1DM5mQZApl6Ee4caGIW7/HnX9jpq2gogcuHM65l3vvCSVn2iD04aytb2xubed28rt7+weHhaPjlo4TRWiTxDxWnRBrypmgTcMMpx2pKI5CTtvh5Drz21OqNIvFvZlJGkR4JNiQEWys1O5NsZJj1i8Uket5Vd9HELmlcrXmlzOCalfVCvRctEARrNDoF957g5gkERWGcKx110PSBClWhhFO5/leoqnEZIJHtGupwBHVQbo4dw7PrTKAw1jZEgYu1O8TKY60nkWh7YywGevfXib+5XUTM/SDlAmZGCrIctEw4dDEMPsdDpiixPCZJZgoZm+FZIwVJsYmlLchfH0K/yetkutV3Mu7SrF+u4ojB07BGbgAHqiBOrgBDdAEBEzAA3gCz450Hp0X53XZuuasZk7ADzhvn/TxkAY=</latexit>

h', Dfi = hd', fi+ boundary term

<latexit sha1_base64="XSz7cLdpkagVUPT4IzesH/tkDQM="></latexit>

weak derivatives �@N [⌫] = �N � d[⌫]

<latexit sha1_base64="1LU8BIod+3VU5EdYr9oEdZ19YSs="></latexit>

8' 2 C1
0 ,

Z
'g =

I
'f �

Z
(D')f

<latexit sha1_base64="/l9q2kzPF97Q6wzL5/ZTcnGbzBk="></latexit>

g = Df

<latexit sha1_base64="jroFD772zZDu0CvKT57uXQql8KY=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgadlta7sehIIe9FbB1kK7lGyabWOzyZJkhbL0P3jxoIhX/483/43ZtoKKPhh4vDfDzLwgZlRpx/mwckvLK6tr+fXCxubW9k5xd6+tRCIxaWHBhOwESBFGOWlpqhnpxJKgKGDkNhifZ/7tPZGKCn6jJzHxIzTkNKQYaSO1h/AMXoT9YsmxXbfmeQ507HKlVvcqGXHqp7UqdG1nhhJYoNkvvvcGAicR4RozpFTXdWLtp0hqihmZFnqJIjHCYzQkXUM5iojy09m1U3hklAEMhTTFNZyp3ydSFCk1iQLTGSE9Ur+9TPzL6yY69PyU8jjRhOP5ojBhUAuYvQ4HVBKs2cQQhCU1t0I8QhJhbQIqmBC+PoX/k3bZdqv2yXW11LhaxJEHB+AQHAMX1EEDXIImaAEM7sADeALPlrAerRfrdd6asxYz++AHrLdPwauOpA==</latexit>



Currents
weak derivatives �@N [⌫] = �N � d[⌫]

<latexit sha1_base64="1LU8BIod+3VU5EdYr9oEdZ19YSs="></latexit>

•  in the weak sense if   

• As operation on , weak derivative 

g = Df

'

<latexit sha1_base64="uFMgT9CfD5/zrCojLHTotGM41DM=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6at7bgruNFdBfuAdiiZNG1DM5mQZApl6Ee4caGIW7/HnX9jpq2gogcuHM65l3vvCSVn2iD04aytb2xubed28rt7+weHhaPjlo4TRWiTxDxWnRBrypmgTcMMpx2pKI5CTtvh5Drz21OqNIvFvZlJGkR4JNiQEWys1O5NsZJj1i8Uket5Vd9HELmlcrXmlzOCalfVCvRctEARrNDoF957g5gkERWGcKx110PSBClWhhFO5/leoqnEZIJHtGupwBHVQbo4dw7PrTKAw1jZEgYu1O8TKY60nkWh7YywGevfXib+5XUTM/SDlAmZGCrIctEw4dDEMPsdDpiixPCZJZgoZm+FZIwVJsYmlLchfH0K/yetkutV3Mu7SrF+u4ojB07BGbgAHqiBOrgBDdAEBEzAA3gCz450Hp0X53XZuuasZk7ADzhvn/TxkAY=</latexit>

h', Dfi = hd', fi+ boundary term

<latexit sha1_base64="XSz7cLdpkagVUPT4IzesH/tkDQM="></latexit>

8' 2 C1
0 ,

Z
'g =

I
'f �

Z
(D')f

<latexit sha1_base64="/l9q2kzPF97Q6wzL5/ZTcnGbzBk="></latexit>

g = Df

<latexit sha1_base64="jroFD772zZDu0CvKT57uXQql8KY=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgadlta7sehIIe9FbB1kK7lGyabWOzyZJkhbL0P3jxoIhX/483/43ZtoKKPhh4vDfDzLwgZlRpx/mwckvLK6tr+fXCxubW9k5xd6+tRCIxaWHBhOwESBFGOWlpqhnpxJKgKGDkNhifZ/7tPZGKCn6jJzHxIzTkNKQYaSO1h/AMXoT9YsmxXbfmeQ507HKlVvcqGXHqp7UqdG1nhhJYoNkvvvcGAicR4RozpFTXdWLtp0hqihmZFnqJIjHCYzQkXUM5iojy09m1U3hklAEMhTTFNZyp3ydSFCk1iQLTGSE9Ur+9TPzL6yY69PyU8jjRhOP5ojBhUAuYvQ4HVBKs2cQQhCU1t0I8QhJhbQIqmBC+PoX/k3bZdqv2yXW11LhaxJEHB+AQHAMX1EEDXIImaAEM7sADeALPlrAerRfrdd6asxYz++AHrLdPwauOpA==</latexit>

•  is the weak derivative of  if d⌘ ⌘ 2 D⌦n�k(M)

8! 2 C1⌦k�1(M), (�1)k�1

Z

M
! ^ d⌘ =

I

@M
! ^ ⌘ �

Z

M
d! ^ ⌘

<latexit sha1_base64="frDe0NAB9JjT4D1JFFfrzAUqmMk="></latexit>

d⌘

<latexit sha1_base64="SUca6CbJYAfTRLFrOuDuKt4usaM=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU9i0tY23ghe9VTBtoQ1ls9m0SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeUHKmdIIfViFtfWNza3idmlnd2//oHx41FFJJgn1SMIT2QuwopwJ6mmmOe2lkuI44LQbTK5yv3tPpWKJuNPTlPoxHgkWMYK1kbxwQDUelivIdpyG6yKI7Gqt0XRrOUHNy0YdOjZaoAJWaA/L74MwIVlMhSYcK9V3UKr9GZaaEU7npUGmaIrJBI9o31CBY6r82eLYOTwzSgijRJoSGi7U7xMzHCs1jQPTGWM9Vr+9XPzL62c6cv0ZE2mmqSDLRVHGoU5g/jkMmaRE86khmEhmboVkjCUm2uRTMiF8fQr/J52q7dTti9t6pXWziqMITsApOAcOaIIWuAZt4AECGHgAT+DZEtaj9WK9LlsL1mrmGPyA9fYJQKKPBg==</latexit>

⌘ 2 D⌦n�k(M)

<latexit sha1_base64="5HLn4Cl9FP+0xJnl25gpzLd3LJI="></latexit>



Currents
weak derivatives

(�1)

Z

M
! ^ d�⌃ =

I

@M
! ^ �⌃ �

Z

M
d! ^ �⌃

= �
Z

M
d! ^ �⌃

= �
I

@⌃
! = �

Z

M
! ^ �@⌃

<latexit sha1_base64="/fKhq3Zhd4+2DulrRh9TGzMyP5w="></latexit>

•  is the weak derivative of  if d⌘ ⌘ 2 D⌦n�k(M)

8! 2 C1⌦k�1(M), (�1)k�1

Z

M
! ^ d⌘ =

I

@M
! ^ ⌘ �

Z

M
d! ^ ⌘

<latexit sha1_base64="frDe0NAB9JjT4D1JFFfrzAUqmMk="></latexit>

d⌘

<latexit sha1_base64="SUca6CbJYAfTRLFrOuDuKt4usaM=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU9i0tY23ghe9VTBtoQ1ls9m0SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeUHKmdIIfViFtfWNza3idmlnd2//oHx41FFJJgn1SMIT2QuwopwJ6mmmOe2lkuI44LQbTK5yv3tPpWKJuNPTlPoxHgkWMYK1kbxwQDUelivIdpyG6yKI7Gqt0XRrOUHNy0YdOjZaoAJWaA/L74MwIVlMhSYcK9V3UKr9GZaaEU7npUGmaIrJBI9o31CBY6r82eLYOTwzSgijRJoSGi7U7xMzHCs1jQPTGWM9Vr+9XPzL62c6cv0ZE2mmqSDLRVHGoU5g/jkMmaRE86khmEhmboVkjCUm2uRTMiF8fQr/J52q7dTti9t6pXWziqMITsApOAcOaIIWuAZt4AECGHgAT+DZEtaj9WK9LlsL1mrmGPyA9fYJQKKPBg==</latexit>

⌘ 2 D⌦n�k(M)

<latexit sha1_base64="5HLn4Cl9FP+0xJnl25gpzLd3LJI="></latexit>

• For Dirac-delta form  (k=2), ⌘ = �⌃⌘ = �⌃

<latexit sha1_base64="R/FoRA7sYcOwtSSNbFLkJYLozRU=">AAAB/XicdVDLSgNBEJz1bXzFx83LYBA8Lbsak3gQAl70FtGokA2hd9KJg7MPZnqFGMRf8eJBEa/+hzf/xkmMoKIFDUVVN91dYaqkIc97d8bGJyanpmdmc3PzC4tL+eWVM5NkWmBdJCrRFyEYVDLGOklSeJFqhChUeB5eHQz882vURibxKfVSbEbQjWVHCiArtfJrARLwfR60URG0ghPZjaCVL3iu75cqFY977vZOqVzZGRCvvFcqct/1hiiwEWqt/FvQTkQWYUxCgTEN30up2QdNUii8zQWZwRTEFXSxYWkMEZpmf3j9Ld+0Spt3Em0rJj5Uv0/0ITKmF4W2MwK6NL+9gfiX18ioU2n2ZZxmhLH4XNTJFKeED6LgbalRkOpZAkJLeysXl6BBkA0sZ0P4+pT/T862Xb/o7h4XC9WjURwzbJ1tsC3mszKrskNWY3Um2A27Z4/syblzHpxn5+WzdcwZzayyH3BePwD2aZT4</latexit>



Currents
weak derivatives

• For Dirac-delta form  (k=2), ⌘ = �⌃

(�1)

Z

M
! ^ d�⌃ =

I

@M
! ^ �⌃ �

Z

M
d! ^ �⌃

= �
Z

M
d! ^ �⌃

= �
I

@⌃
! = �

Z

M
! ^ �@⌃

<latexit sha1_base64="/fKhq3Zhd4+2DulrRh9TGzMyP5w="></latexit>

•  is the weak derivative of  if d⌘ ⌘ 2 D⌦n�k(M)

8! 2 C1⌦k�1(M), (�1)k�1

Z

M
! ^ d⌘ =

I

@M
! ^ ⌘ �

Z

M
d! ^ ⌘

<latexit sha1_base64="frDe0NAB9JjT4D1JFFfrzAUqmMk="></latexit>

d⌘

<latexit sha1_base64="SUca6CbJYAfTRLFrOuDuKt4usaM=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU9i0tY23ghe9VTBtoQ1ls9m0SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeUHKmdIIfViFtfWNza3idmlnd2//oHx41FFJJgn1SMIT2QuwopwJ6mmmOe2lkuI44LQbTK5yv3tPpWKJuNPTlPoxHgkWMYK1kbxwQDUelivIdpyG6yKI7Gqt0XRrOUHNy0YdOjZaoAJWaA/L74MwIVlMhSYcK9V3UKr9GZaaEU7npUGmaIrJBI9o31CBY6r82eLYOTwzSgijRJoSGi7U7xMzHCs1jQPTGWM9Vr+9XPzL62c6cv0ZE2mmqSDLRVHGoU5g/jkMmaRE86khmEhmboVkjCUm2uRTMiF8fQr/J52q7dTti9t6pXWziqMITsApOAcOaIIWuAZt4AECGHgAT+DZEtaj9WK9LlsL1mrmGPyA9fYJQKKPBg==</latexit>

⌘ 2 D⌦n�k(M)

<latexit sha1_base64="5HLn4Cl9FP+0xJnl25gpzLd3LJI="></latexit>

⌘ = �⌃

<latexit sha1_base64="R/FoRA7sYcOwtSSNbFLkJYLozRU=">AAAB/XicdVDLSgNBEJz1bXzFx83LYBA8Lbsak3gQAl70FtGokA2hd9KJg7MPZnqFGMRf8eJBEa/+hzf/xkmMoKIFDUVVN91dYaqkIc97d8bGJyanpmdmc3PzC4tL+eWVM5NkWmBdJCrRFyEYVDLGOklSeJFqhChUeB5eHQz882vURibxKfVSbEbQjWVHCiArtfJrARLwfR60URG0ghPZjaCVL3iu75cqFY977vZOqVzZGRCvvFcqct/1hiiwEWqt/FvQTkQWYUxCgTEN30up2QdNUii8zQWZwRTEFXSxYWkMEZpmf3j9Ld+0Spt3Em0rJj5Uv0/0ITKmF4W2MwK6NL+9gfiX18ioU2n2ZZxmhLH4XNTJFKeED6LgbalRkOpZAkJLeysXl6BBkA0sZ0P4+pT/T862Xb/o7h4XC9WjURwzbJ1tsC3mszKrskNWY3Um2A27Z4/syblzHpxn5+WzdcwZzayyH3BePwD2aZT4</latexit>



Surface                           Dirac-delta 1-form ⌃ ,! M

<latexit sha1_base64="xn3KOulZZsSleI/Xzcp/ML+zZ+Q=">AAACAXicdVBNS8NAEN3Ur1q/ql4EL4tF8BSStrb1VvDiRahoW6EJZbPdpEs32bC7UUqoF/+KFw+KePVfePPfuGkrqOiDgcd7M8zM82JGpbKsDyO3sLi0vJJfLaytb2xuFbd3OpInApM25oyLaw9JwmhE2ooqRq5jQVDoMdL1RqeZ370hQlIeXalxTNwQBRH1KUZKS/3innNJgxBBZ8j5SNBgqJAQ/Bae94sly7TtWqNhQcssV2r1RiUjVv2kVoW2aU1RAnO0+sV3Z8BxEpJIYYak7NlWrNwUCUUxI5OCk0gSIzxCAelpGqGQSDedfjCBh1oZQJ8LXZGCU/X7RIpCKcehpztDpIbyt5eJf3m9RPkNN6VRnCgS4dkiP2FQcZjFAQdUEKzYWBOEBdW3QjxEAmGlQyvoEL4+hf+TTtm0q+bxRbXUbM3jyIN9cACOgA3qoAnOQAu0AQZ34AE8gWfj3ng0XozXWWvOmM/sgh8w3j4BzoKXMg==</latexit>

�⌃ 2 D⌦1(M)

<latexit sha1_base64="VZ3fQ+tA3wbwaAxFOsnxxLvjpP0="></latexit>



Surface                           Dirac-delta 1-form  
Boundary                                         Weak derivative 

⌃ ,! M

<latexit sha1_base64="xn3KOulZZsSleI/Xzcp/ML+zZ+Q=">AAACAXicdVBNS8NAEN3Ur1q/ql4EL4tF8BSStrb1VvDiRahoW6EJZbPdpEs32bC7UUqoF/+KFw+KePVfePPfuGkrqOiDgcd7M8zM82JGpbKsDyO3sLi0vJJfLaytb2xuFbd3OpInApM25oyLaw9JwmhE2ooqRq5jQVDoMdL1RqeZ370hQlIeXalxTNwQBRH1KUZKS/3innNJgxBBZ8j5SNBgqJAQ/Bae94sly7TtWqNhQcssV2r1RiUjVv2kVoW2aU1RAnO0+sV3Z8BxEpJIYYak7NlWrNwUCUUxI5OCk0gSIzxCAelpGqGQSDedfjCBh1oZQJ8LXZGCU/X7RIpCKcehpztDpIbyt5eJf3m9RPkNN6VRnCgS4dkiP2FQcZjFAQdUEKzYWBOEBdW3QjxEAmGlQyvoEL4+hf+TTtm0q+bxRbXUbM3jyIN9cACOgA3qoAnOQAu0AQZ34AE8gWfj3ng0XozXWWvOmM/sgh8w3j4BzoKXMg==</latexit>

�⌃ 2 D⌦1(M)

<latexit sha1_base64="VZ3fQ+tA3wbwaAxFOsnxxLvjpP0="></latexit>

@⌃ = �

<latexit sha1_base64="THaJOIjykod0Mr/IspRmuFcisxs=">AAACAXicdVDPSwJBFJ61X2a/rC5BlyEJOi27amqHQOhQR6M0wRV5O446OLO7zMwGInbpX+nSoYiu/Rfd+m+aVYOK+uDBx/e9N/Pe50ecKe04H1ZqYXFpeSW9mllb39jcym7vNFQYS0LrJOShbPqgKGcBrWumOW1GkoLwOb3xh2eJf3NLpWJhcK1HEW0L6AesxwhoI3Wye14EUjPg2LtifQH4FHvnIAR0sjnHdt1SpeJgx84XSuVKISFO+aRUxK7tTJFDc9Q62XevG5JY0EATDkq1XCfS7XHyOuF0kvFiRSMgQ+jTlqEBCKra4+kFE3xolC7uhdJUoPFU/T4xBqHUSPimU4AeqN9eIv7ltWLdq7THLIhiTQMy+6gXc6xDnMSBu0xSovnIECCSmV0xGYAEok1oGRPC16X4f9LI227RPr4s5qq1eRxptI8O0BFyURlV0QWqoToi6A49oCf0bN1bj9aL9TprTVnzmV30A9bbJ6n0lnQ=</latexit>

d�⌃ = ��

<latexit sha1_base64="42nxaaodvx/qKmHLOkxiqf7mpQg=">AAACB3icdVDLSgMxFM3UV62vqktBgkVwNcy0ta0LoeBClxXtA9pS7mTSNjSZGZKMUEp3bvwVNy4UcesvuPNvTF+gogcunJxzL7n3eBFnSjvOp5VYWl5ZXUuupzY2t7Z30rt7NRXGktAqCXkoGx4oyllAq5ppThuRpCA8Tuve4GLi1++oVCwMbvUwom0BvYB1GQFtpE760G/5lGvotG5YTwA+x4v3JQgBnXTGsV23UCo52LGzuUKxlJsQp3hWyGPXdqbIoDkqnfRHyw9JLGigCQelmq4T6fYIpGaE03GqFSsaARlAjzYNDUBQ1R5N7xjjY6P4uBtKU4HGU/X7xAiEUkPhmU4Buq9+exPxL68Z626pPWJBFGsakNlH3ZhjHeJJKNhnkhLNh4YAkczsikkfJBBtokuZEBaX4v9JLWu7efv0Op8pV+ZxJNEBOkInyEVFVEZXqIKqiKB79Iie0Yv1YD1Zr9bbrDVhzWf20Q9Y71+WJ5k1</latexit>



Current mass norm
Operator norm w.r.t. sup-norm on smooth forms

• Operator norm for (n-k)-current  

•

⌘ : C1⌦k(M) ! R
k⌘kmass = sup

!2C1⌦k(M),k!kL11
|⌘[!]|

<latexit sha1_base64="5eaUo2FwFe26CfHTxak28R0wwLI="></latexit>

⌘ : C1⌦k(M) ! R

<latexit sha1_base64="0fmBBoWYolkYRIXn9kfx7XQE0lY="></latexit>



Current mass norm
Operator norm w.r.t. sup-norm on smooth forms

• Operator norm for (n-k)-current  

•  

• Sup-norm for k-smooth form  

•

⌘ : C1⌦k(M) ! R
k⌘kmass = sup

!2C1⌦k(M),k!kL11
|⌘[!]|

<latexit sha1_base64="5eaUo2FwFe26CfHTxak28R0wwLI="></latexit>

! 2 C1⌦k(M)

<latexit sha1_base64="APAJOpwaikEEzHAw/uH6V/LJviI="></latexit>

k!kL1 = sup
p2M

|!|p

<latexit sha1_base64="V7IaEg05KuHv8F7i2Zsb7BIsiug="></latexit>

⌘ : C1⌦k(M) ! R

<latexit sha1_base64="0fmBBoWYolkYRIXn9kfx7XQE0lY="></latexit>



Current mass norm

• Operator norm for (n-k)-current  

•  

• Sup-norm for k-smooth form  

•  

• Pointwise Euclidean  norm 

• (l2             

⌘ : C1⌦k(M) ! R
k⌘kmass = sup

!2C1⌦k(M),k!kL11
|⌘[!]|

<latexit sha1_base64="5eaUo2FwFe26CfHTxak28R0wwLI="></latexit>

! 2 C1⌦k(M)

<latexit sha1_base64="APAJOpwaikEEzHAw/uH6V/LJviI="></latexit>

k!kL1 = sup
p2M

|!|p

<latexit sha1_base64="V7IaEg05KuHv8F7i2Zsb7BIsiug="></latexit>

`2

<latexit sha1_base64="zag9s9iRmqBaFtYl69+iiPD/HdI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uKtgHtGPJpJk2NjMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aCuRSEJbRHAhuz5WlLOItjTTnHZjSXHoc9rxJxeZ37mnUjER3ehpTL0QjyIWMIK1kdp9yvlteVAsIdtxaq6LILLLlVrdrWQE1c9rVejYaI4SWKI5KL73h4IkIY004VipnoNi7aVYakY4nRX6iaIxJhM8oj1DIxxS5aXza2fwxChDGAhpKtJwrn6fSHGo1DT0TWeI9Vj99jLxL6+X6MD1UhbFiaYRWSwKEg61gNnrcMgkJZpPDcFEMnMrJGMsMdEmoIIJ4etT+D9pl22nap9dV0uNq2UceXAEjsEpcEAdNMAlaIIWIOAOPIAn8GwJ69F6sV4XrTlrOXMIfsB6+wSuwo8/</latexit>

|!| : M ! R�0

p 7!
q

?(! ^ ?!)p

<latexit sha1_base64="5a8j3+A33NOIJOS3tVgfYBb7k6s="></latexit>

! =
X

I

fIdxI , |!|(p) =
sX

I

fI(p)2

<latexit sha1_base64="IJnovIF+RU26eEpygyr1uo7dQTQ="></latexit>

Operator norm w.r.t. sup-norm on smooth forms

⌘ : C1⌦k(M) ! R

<latexit sha1_base64="0fmBBoWYolkYRIXn9kfx7XQE0lY="></latexit>



Current mass norm

• Dirac-delta form for surfaces 

equivalent to surface area on Dirac-delta 1-forms

�⌃ ⇡ 1

✏
n⌃

<latexit sha1_base64="sshyki8GkuY1+sfg4HmjXLgG2P4="></latexit>

k�⌃kmass = sup
!2C1⌦k(M)

k!kL11

����
Z

M
! ^ �⌃

����

= sup
v2C1(M!R3)

|v|1

Z

⌃
v · n⌃dS

=

Z

⌃
n⌃ · n⌃dS =

Z

⌃
1dS = Area(⌃)

<latexit sha1_base64="dS/l8G0Tuo8DXSQH5+KNn6yGwkI="></latexit>



Surface                           Dirac-delta 1-form  
Boundary                                         Weak derivative 

⌃ ,! M

<latexit sha1_base64="xn3KOulZZsSleI/Xzcp/ML+zZ+Q=">AAACAXicdVBNS8NAEN3Ur1q/ql4EL4tF8BSStrb1VvDiRahoW6EJZbPdpEs32bC7UUqoF/+KFw+KePVfePPfuGkrqOiDgcd7M8zM82JGpbKsDyO3sLi0vJJfLaytb2xuFbd3OpInApM25oyLaw9JwmhE2ooqRq5jQVDoMdL1RqeZ370hQlIeXalxTNwQBRH1KUZKS/3innNJgxBBZ8j5SNBgqJAQ/Bae94sly7TtWqNhQcssV2r1RiUjVv2kVoW2aU1RAnO0+sV3Z8BxEpJIYYak7NlWrNwUCUUxI5OCk0gSIzxCAelpGqGQSDedfjCBh1oZQJ8LXZGCU/X7RIpCKcehpztDpIbyt5eJf3m9RPkNN6VRnCgS4dkiP2FQcZjFAQdUEKzYWBOEBdW3QjxEAmGlQyvoEL4+hf+TTtm0q+bxRbXUbM3jyIN9cACOgA3qoAnOQAu0AQZ34AE8gWfj3ng0XozXWWvOmM/sgh8w3j4BzoKXMg==</latexit>

�⌃ 2 D⌦1(M)

<latexit sha1_base64="VZ3fQ+tA3wbwaAxFOsnxxLvjpP0="></latexit>

@⌃ = �

<latexit sha1_base64="THaJOIjykod0Mr/IspRmuFcisxs=">AAACAXicdVDPSwJBFJ61X2a/rC5BlyEJOi27amqHQOhQR6M0wRV5O446OLO7zMwGInbpX+nSoYiu/Rfd+m+aVYOK+uDBx/e9N/Pe50ecKe04H1ZqYXFpeSW9mllb39jcym7vNFQYS0LrJOShbPqgKGcBrWumOW1GkoLwOb3xh2eJf3NLpWJhcK1HEW0L6AesxwhoI3Wye14EUjPg2LtifQH4FHvnIAR0sjnHdt1SpeJgx84XSuVKISFO+aRUxK7tTJFDc9Q62XevG5JY0EATDkq1XCfS7XHyOuF0kvFiRSMgQ+jTlqEBCKra4+kFE3xolC7uhdJUoPFU/T4xBqHUSPimU4AeqN9eIv7ltWLdq7THLIhiTQMy+6gXc6xDnMSBu0xSovnIECCSmV0xGYAEok1oGRPC16X4f9LI227RPr4s5qq1eRxptI8O0BFyURlV0QWqoToi6A49oCf0bN1bj9aL9TprTVnzmV30A9bbJ6n0lnQ=</latexit>

d�⌃ = ��

<latexit sha1_base64="42nxaaodvx/qKmHLOkxiqf7mpQg=">AAACB3icdVDLSgMxFM3UV62vqktBgkVwNcy0ta0LoeBClxXtA9pS7mTSNjSZGZKMUEp3bvwVNy4UcesvuPNvTF+gogcunJxzL7n3eBFnSjvOp5VYWl5ZXUuupzY2t7Z30rt7NRXGktAqCXkoGx4oyllAq5ppThuRpCA8Tuve4GLi1++oVCwMbvUwom0BvYB1GQFtpE760G/5lGvotG5YTwA+x4v3JQgBnXTGsV23UCo52LGzuUKxlJsQp3hWyGPXdqbIoDkqnfRHyw9JLGigCQelmq4T6fYIpGaE03GqFSsaARlAjzYNDUBQ1R5N7xjjY6P4uBtKU4HGU/X7xAiEUkPhmU4Buq9+exPxL68Z626pPWJBFGsakNlH3ZhjHeJJKNhnkhLNh4YAkczsikkfJBBtokuZEBaX4v9JLWu7efv0Op8pV+ZxJNEBOkInyEVFVEZXqIKqiKB79Iie0Yv1YD1Zr9bbrDVhzWf20Q9Y71+WJ5k1</latexit>



Surface                           Dirac-delta 1-form  
Boundary                                         Weak derivative  
Surface area                                              Mass norm 

⌃ ,! M

<latexit sha1_base64="xn3KOulZZsSleI/Xzcp/ML+zZ+Q=">AAACAXicdVBNS8NAEN3Ur1q/ql4EL4tF8BSStrb1VvDiRahoW6EJZbPdpEs32bC7UUqoF/+KFw+KePVfePPfuGkrqOiDgcd7M8zM82JGpbKsDyO3sLi0vJJfLaytb2xuFbd3OpInApM25oyLaw9JwmhE2ooqRq5jQVDoMdL1RqeZ370hQlIeXalxTNwQBRH1KUZKS/3innNJgxBBZ8j5SNBgqJAQ/Bae94sly7TtWqNhQcssV2r1RiUjVv2kVoW2aU1RAnO0+sV3Z8BxEpJIYYak7NlWrNwUCUUxI5OCk0gSIzxCAelpGqGQSDedfjCBh1oZQJ8LXZGCU/X7RIpCKcehpztDpIbyt5eJf3m9RPkNN6VRnCgS4dkiP2FQcZjFAQdUEKzYWBOEBdW3QjxEAmGlQyvoEL4+hf+TTtm0q+bxRbXUbM3jyIN9cACOgA3qoAnOQAu0AQZ34AE8gWfj3ng0XozXWWvOmM/sgh8w3j4BzoKXMg==</latexit>

�⌃ 2 D⌦1(M)

<latexit sha1_base64="VZ3fQ+tA3wbwaAxFOsnxxLvjpP0="></latexit>

@⌃ = �

<latexit sha1_base64="THaJOIjykod0Mr/IspRmuFcisxs=">AAACAXicdVDPSwJBFJ61X2a/rC5BlyEJOi27amqHQOhQR6M0wRV5O446OLO7zMwGInbpX+nSoYiu/Rfd+m+aVYOK+uDBx/e9N/Pe50ecKe04H1ZqYXFpeSW9mllb39jcym7vNFQYS0LrJOShbPqgKGcBrWumOW1GkoLwOb3xh2eJf3NLpWJhcK1HEW0L6AesxwhoI3Wye14EUjPg2LtifQH4FHvnIAR0sjnHdt1SpeJgx84XSuVKISFO+aRUxK7tTJFDc9Q62XevG5JY0EATDkq1XCfS7XHyOuF0kvFiRSMgQ+jTlqEBCKra4+kFE3xolC7uhdJUoPFU/T4xBqHUSPimU4AeqN9eIv7ltWLdq7THLIhiTQMy+6gXc6xDnMSBu0xSovnIECCSmV0xGYAEok1oGRPC16X4f9LI227RPr4s5qq1eRxptI8O0BFyURlV0QWqoToi6A49oCf0bN1bj9aL9TprTVnzmV30A9bbJ6n0lnQ=</latexit>

d�⌃ = ��

<latexit sha1_base64="42nxaaodvx/qKmHLOkxiqf7mpQg=">AAACB3icdVDLSgMxFM3UV62vqktBgkVwNcy0ta0LoeBClxXtA9pS7mTSNjSZGZKMUEp3bvwVNy4UcesvuPNvTF+gogcunJxzL7n3eBFnSjvOp5VYWl5ZXUuupzY2t7Z30rt7NRXGktAqCXkoGx4oyllAq5ppThuRpCA8Tuve4GLi1++oVCwMbvUwom0BvYB1GQFtpE760G/5lGvotG5YTwA+x4v3JQgBnXTGsV23UCo52LGzuUKxlJsQp3hWyGPXdqbIoDkqnfRHyw9JLGigCQelmq4T6fYIpGaE03GqFSsaARlAjzYNDUBQ1R5N7xjjY6P4uBtKU4HGU/X7xAiEUkPhmU4Buq9+exPxL68Z626pPWJBFGsakNlH3ZhjHeJJKNhnkhLNh4YAkczsikkfJBBtokuZEBaX4v9JLWu7efv0Op8pV+ZxJNEBOkInyEVFVEZXqIKqiKB79Iie0Yv1YD1Zr9bbrDVhzWf20Q9Y71+WJ5k1</latexit>

Area(⌃)

<latexit sha1_base64="7MuCWEpE/0KK+AUOBsap61YL0lc=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3LjEKI+EIaRTCjR0HmnvGMkEf8WNC41x64e482/sACZq9CRNTs65J/f2uKHgCizrw0itrK6tb6Q3M1vbO7t72f2DlgoiSVmTBiKQHZcoJrjPmsBBsE4oGfFcwdru5CLx27dMKh74NzANWc8jI58POSWgpX425wC7g/hcZ2YF55qPPHLSz+Yt07YrtZqFLbNYqlRrpYRY1bNKGdumNUceLdHoZ9+dQUAjj/lABVGqa1sh9GIigVPBZhknUiwkdEJGrKupTzymevH8+Bk+1soADwOpnw94rn5PxMRTauq5etIjMFa/vUT8y+tGMKz1Yu6HETCfLhYNI4EhwEkTeMAloyCmmhAqub4V0zGRhILuK6NL+Pop/p+0iqZdNk+vyvl6Y1lHGh2iI1RANqqiOrpEDdREFE3RA3pCz8a98Wi8GK+L0ZSxzOTQDxhvn+dblQA=</latexit>

k�⌃kmass

<latexit sha1_base64="AW4/hU+u8F8EFtVwP74qmSbXWiI="></latexit>



Plateau problem
original problem

• Variable  

• Constraint  

• Objective

⌃ ,! M

<latexit sha1_base64="bjtokRTNshePDefxnyrcj84vy3g=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkrW3cFdzoQqhoH9CUMplO26GTTJiZKCXUjb/ixoUibv0Ld/6Nk7aCih64cDjnXu69x48Ylcq2P4zMwuLS8kp2Nbe2vrG5ZW7vNCSPBSZ1zBkXLR9JwmhI6ooqRlqRICjwGWn6o9PUb94QISkPr9U4Ip0ADULapxgpLXXNPe+KDgIEvSHnI0EHQ4WE4Lfwomvmbctxyq5rQ9sqFMsVt5gSu3JSLkHHsqfIgzlqXfPd63EcByRUmCEp244dqU6ChKKYkUnOiyWJEB6hAWlrGqKAyE4y/WACD7XSg30udIUKTtXvEwkKpBwHvu4MkBrK314q/uW1Y9V3OwkNo1iREM8W9WMGFYdpHLBHBcGKjTVBWFB9K8RDJBBWOrScDuHrU/g/aRQsp2QdX5by1fN5HFmwDw7AEXBABVTBGaiBOsDgDjyAJ/Bs3BuPxovxOmvNGPOZXfADxtsnzGeXKw==</latexit>

@⌃ = �

<latexit sha1_base64="pZ/zRil9tLp6sjsylGXPilUxpzU=">AAACAXicdVBNS8NAEN3U7/oV9SJ4WSyCp5DU2saDUPCg3ipaFZpQJtttu7ibhN2NUIpe/CtePCji1X/hzX/jplZQ0QcDj/dmdmdelHKmtOu+W4WJyanpmdm54vzC4tKyvbJ6rpJMEtokCU/kZQSKchbTpmaa08tUUhARpxfR1UHuX1xTqVgSn+lBSkMBvZh1GQFtpLa9HqQgNQOOg1PWE4D3cXAIQkDbLrmO51V938WuU96p1vydnLi1vWoFe447QgmN0Wjbb0EnIZmgsSYclGp5bqrDYf464fSmGGSKpkCuoEdbhsYgqAqHowtu8JZROribSFOxxiP1+8QQhFIDEZlOAbqvfnu5+JfXynTXD4csTjNNY/L5UTfjWCc4jwN3mKRE84EhQCQzu2LSBwlEm9CKJoSvS/H/5LzseBVn96RSqh+P45hFG2gTbSMP1VAdHaEGaiKCbtE9ekRP1p31YD1bL5+tBWs8s4Z+wHr9AKfZlm0=</latexit>

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>



Plateau problem
written in terms of current

• represented by 

• equivalently,  

• equivalently, k�⌃kmass

<latexit sha1_base64="uJDZsW8b1lG5zsF71O0dRV5ab4M="></latexit>

�⌃ 2 D⌦1(M)

<latexit sha1_base64="nq7TohIJzJFUlGaw4JAxm6VUE7o="></latexit>

d�⌃ = ��

<latexit sha1_base64="JLX5VRly1Dh/uCXd6oS4VxUKgKI=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFFyou4r2AW0pdzJpG5rMDElGKKU7N/6KGxeKuPUX3Pk3pi9Q0QMXTs65l9x7vIgzpR3n01pYXFpeWU2sJdc3Nre2Uzu7VRXGktAKCXko6x4oyllAK5ppTuuRpCA8Tmte/3zs1+6oVCwMbvUgoi0B3YB1GAFtpHbqwG/6lGtoN29YVwA+w/P3BQgB7VTasV03Xyw62LEz2XyhmB0Tp3Caz2HXdiZIoxnK7dRH0w9JLGigCQelGq4T6dYQpGaE01GyGSsaAelDlzYMDUBQ1RpO7hjhI6P4uBNKU4HGE/X7xBCEUgPhmU4Buqd+e2PxL68R606xNWRBFGsakOlHnZhjHeJxKNhnkhLNB4YAkczsikkPJBBtokuaEOaX4v9JNWO7OfvkOpcuXc3iSKB9dIiOkYsKqIQuURlVEEH36BE9oxfrwXqyXq23aeuCNZvZQz9gvX8BlAyZLg==</latexit>

• Variable  

• Constraint  

• Objective

⌃ ,! M

@⌃ = �

Area(⌃)



Plateau problem, relaxed
written in terms of current

• Variable 

• Constraint 

• Objective k⌘kmass

<latexit sha1_base64="Pp7LqsyY5adD7AV7eDJCwSyzRGU=">AAAB/3icdVDLSgNBEJz1bXxFBS9eBoPgadmNMVlvghe9KRgVskuYnXSSIbMPZnrFsMnBX/HiQRGv/oY3/8ZJjKCiBQ1FVfdMd4WpFBod592amp6ZnZtfWCwsLa+srhXXNy51kikOdZ7IRF2HTIMUMdRRoITrVAGLQglXYe945F/dgNIiiS+wn0IQsU4s2oIzNFKzuOUPfEDmD5q5j3CLecS0Hg6bxZJju27V8xzq2OX9as3bHxGndlitUNd2xiiRCc6axTe/lfAsghi5NE80XCfFIGcKBZcwLPiZhpTxHutAw9CYRaCDfLz/kO4apUXbiTIVIx2r3ydyFmndj0LTGTHs6t/eSPzLa2TY9oJcxGmGEPPPj9qZpJjQURi0JRRwlH1DGFfC7Ep5lynG0URWMCF8XUr/J5dl263YB+eV0tHpJI4Fsk12yB5xSY0ckRNyRuqEkwG5J4/kybqzHqxn6+WzdcqazGySH7BePwDQhZdR</latexit>

• represented by 

• equivalently,  

• equivalently, k�⌃kmass

�⌃ 2 D⌦1(M)

d�⌃ = ��

• Variable  

• Constraint  

• Objective

⌃ ,! M

@⌃ = �

Area(⌃)

d⌘ = ��

<latexit sha1_base64="Rbi35IIsCmGnEMId/+EOzc/bKY4=">AAAB/nicdVBNa9tAEF05aZu6H3FSeupliSn0JCTbsZ1DwNBD05sDcRKwjBmtxvbiXUnsjgpGBPJXcskhIeTa35Fb/03XjgNtSR8MPN6bYWZenCtpKQh+eZWNzRcvX229rr55++79dm1n99RmhRE4EJnKzHkMFpVMcUCSFJ7nBkHHCs/i+delf/YDjZVZekKLHEcapqmcSAHkpHHtYxIhAT/kUYKKYBx9A61hXKsHfhi2u92AB36j2e50m0sSdA7aLR76wQp1tkZ/XHuIkkwUGlMSCqwdhkFOoxIMSaHwohoVFnMQc5ji0NEUNNpRuTr/gn92SsInmXGVEl+pf06UoK1d6Nh1aqCZ/ddbis95w4Im3VEp07wgTMXjokmhOGV8mQVPpEFBauEICCPdrVzMwIAgl1jVhfD0Kf8/OW34YcvfP27Ve9/XcWyxT2yPfWEh67AeO2J9NmCCleyK3bBb79K79u68+8fWiree+cD+gvfzN6WNlVg=</latexit>

⌘ 2 D⌦1(M)

<latexit sha1_base64="v/2HNZZvCvkQgSIx1MkpAw4sIck="></latexit>



Plateau problem, relaxed
written in terms of current

• Variable 

• Constraint 

• Objective k⌘kmass

<latexit sha1_base64="Pp7LqsyY5adD7AV7eDJCwSyzRGU=">AAAB/3icdVDLSgNBEJz1bXxFBS9eBoPgadmNMVlvghe9KRgVskuYnXSSIbMPZnrFsMnBX/HiQRGv/oY3/8ZJjKCiBQ1FVfdMd4WpFBod592amp6ZnZtfWCwsLa+srhXXNy51kikOdZ7IRF2HTIMUMdRRoITrVAGLQglXYe945F/dgNIiiS+wn0IQsU4s2oIzNFKzuOUPfEDmD5q5j3CLecS0Hg6bxZJju27V8xzq2OX9as3bHxGndlitUNd2xiiRCc6axTe/lfAsghi5NE80XCfFIGcKBZcwLPiZhpTxHutAw9CYRaCDfLz/kO4apUXbiTIVIx2r3ydyFmndj0LTGTHs6t/eSPzLa2TY9oJcxGmGEPPPj9qZpJjQURi0JRRwlH1DGFfC7Ep5lynG0URWMCF8XUr/J5dl263YB+eV0tHpJI4Fsk12yB5xSY0ckRNyRuqEkwG5J4/kybqzHqxn6+WzdcqazGySH7BePwDQhZdR</latexit>

• represented by 

• equivalently,  

• equivalently, k�⌃kmass

�⌃ 2 D⌦1(M)

d�⌃ = ��

• Variable  

• Constraint  

• Objective

⌃ ,! M

@⌃ = �

Area(⌃)

d⌘ = ��

<latexit sha1_base64="Rbi35IIsCmGnEMId/+EOzc/bKY4=">AAAB/nicdVBNa9tAEF05aZu6H3FSeupliSn0JCTbsZ1DwNBD05sDcRKwjBmtxvbiXUnsjgpGBPJXcskhIeTa35Fb/03XjgNtSR8MPN6bYWZenCtpKQh+eZWNzRcvX229rr55++79dm1n99RmhRE4EJnKzHkMFpVMcUCSFJ7nBkHHCs/i+delf/YDjZVZekKLHEcapqmcSAHkpHHtYxIhAT/kUYKKYBx9A61hXKsHfhi2u92AB36j2e50m0sSdA7aLR76wQp1tkZ/XHuIkkwUGlMSCqwdhkFOoxIMSaHwohoVFnMQc5ji0NEUNNpRuTr/gn92SsInmXGVEl+pf06UoK1d6Nh1aqCZ/ddbis95w4Im3VEp07wgTMXjokmhOGV8mQVPpEFBauEICCPdrVzMwIAgl1jVhfD0Kf8/OW34YcvfP27Ve9/XcWyxT2yPfWEh67AeO2J9NmCCleyK3bBb79K79u68+8fWiree+cD+gvfzN6WNlVg=</latexit>

⌘ 2 D⌦1(M)

<latexit sha1_base64="v/2HNZZvCvkQgSIx1MkpAw4sIck="></latexit>

min
@⌃=�

k�⌃kmass = min
d⌘=��

k⌘kmass

<latexit sha1_base64="aNa2Icgo9q/YLg9U9HJz2RQCyx0="></latexit>



“Area functional is no longer nonconvex.”

• ,  are symmetric minima 

•  is constant on segment 

⌃1

<latexit sha1_base64="/+W0uQ3iB3z+WauNEEMKfX2KdSU=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4Gmba2o67ghvdVbQPaIeSSTNtaJIZk4xQhv6EGxeKuPV33Pk3ZtoKKnrgwuGce7n3niBmVGnH+bByK6tr6xv5zcLW9s7uXnH/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLnI/M49kYpG4lZPY+JzNBI0pBhpI3X7N3TE0cAdFEuO7bo1z3OgY5crtbpXyYhTP69VoWs7c5TAEs1B8b0/jHDCidCYIaV6rhNrP0VSU8zIrNBPFIkRnqAR6RkqECfKT+f3zuCJUYYwjKQpoeFc/T6RIq7UlAemkyM9Vr+9TPzL6yU69PyUijjRRODFojBhUEcwex4OqSRYs6khCEtqboV4jCTC2kRUMCF8fQr/J+2y7Vbts+tqqXG1jCMPjsAxOAUuqIMGuARN0AIYMPAAnsCzdWc9Wi/W66I1Zy1nDsEPWG+fDjuQBw==</latexit>

⌃2

<latexit sha1_base64="yGl2nYUTA7PXmSI9qkyaRt7Zuq4=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4Gmba2o67ghvdVbQPaIeSSTNtaJIZk4xQhv6EGxeKuPV33Pk3ZtoKKnrgwuGce7n3niBmVGnH+bByK6tr6xv5zcLW9s7uXnH/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLnI/M49kYpG4lZPY+JzNBI0pBhpI3X7N3TE0aA8KJYc23VrnudAxy5XanWvkhGnfl6rQtd25iiBJZqD4nt/GOGEE6ExQ0r1XCfWfoqkppiRWaGfKBIjPEEj0jNUIE6Un87vncETowxhGElTQsO5+n0iRVypKQ9MJ0d6rH57mfiX10t06PkpFXGiicCLRWHCoI5g9jwcUkmwZlNDEJbU3ArxGEmEtYmoYEL4+hT+T9pl263aZ9fVUuNqGUceHIFjcApcUAcNcAmaoAUwYOABPIFn6856tF6s10VrzlrOHIIfsN4+AQ+/kAg=</latexit>

k⌘kmass

⌃2

<latexit sha1_base64="yGl2nYUTA7PXmSI9qkyaRt7Zuq4=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4Gmba2o67ghvdVbQPaIeSSTNtaJIZk4xQhv6EGxeKuPV33Pk3ZtoKKnrgwuGce7n3niBmVGnH+bByK6tr6xv5zcLW9s7uXnH/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLnI/M49kYpG4lZPY+JzNBI0pBhpI3X7N3TE0aA8KJYc23VrnudAxy5XanWvkhGnfl6rQtd25iiBJZqD4nt/GOGEE6ExQ0r1XCfWfoqkppiRWaGfKBIjPEEj0jNUIE6Un87vncETowxhGElTQsO5+n0iRVypKQ9MJ0d6rH57mfiX10t06PkpFXGiicCLRWHCoI5g9jwcUkmwZlNDEJbU3ArxGEmEtYmoYEL4+hT+T9pl263aZ9fVUuNqGUceHIFjcApcUAcNcAmaoAUwYOABPIFn6856tF6s10VrzlrOHIIfsN4+AQ+/kAg=</latexit>

⌃1

<latexit sha1_base64="/+W0uQ3iB3z+WauNEEMKfX2KdSU=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4Gmba2o67ghvdVbQPaIeSSTNtaJIZk4xQhv6EGxeKuPV33Pk3ZtoKKnrgwuGce7n3niBmVGnH+bByK6tr6xv5zcLW9s7uXnH/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLnI/M49kYpG4lZPY+JzNBI0pBhpI3X7N3TE0cAdFEuO7bo1z3OgY5crtbpXyYhTP69VoWs7c5TAEs1B8b0/jHDCidCYIaV6rhNrP0VSU8zIrNBPFIkRnqAR6RkqECfKT+f3zuCJUYYwjKQpoeFc/T6RIq7UlAemkyM9Vr+9TPzL6yU69PyUijjRRODFojBhUEcwex4OqSRYs6khCEtqboV4jCTC2kRUMCF8fQr/J+2y7Vbts+tqqXG1jCMPjsAxOAUuqIMGuARN0AIYMPAAnsCzdWc9Wi/W66I1Zy1nDsEPWG+fDjuQBw==</latexit>

k⌘kmass

<latexit sha1_base64="Pp7LqsyY5adD7AV7eDJCwSyzRGU=">AAAB/3icdVDLSgNBEJz1bXxFBS9eBoPgadmNMVlvghe9KRgVskuYnXSSIbMPZnrFsMnBX/HiQRGv/oY3/8ZJjKCiBQ1FVfdMd4WpFBod592amp6ZnZtfWCwsLa+srhXXNy51kikOdZ7IRF2HTIMUMdRRoITrVAGLQglXYe945F/dgNIiiS+wn0IQsU4s2oIzNFKzuOUPfEDmD5q5j3CLecS0Hg6bxZJju27V8xzq2OX9as3bHxGndlitUNd2xiiRCc6axTe/lfAsghi5NE80XCfFIGcKBZcwLPiZhpTxHutAw9CYRaCDfLz/kO4apUXbiTIVIx2r3ydyFmndj0LTGTHs6t/eSPzLa2TY9oJcxGmGEPPPj9qZpJjQURi0JRRwlH1DGFfC7Ep5lynG0URWMCF8XUr/J5dl263YB+eV0tHpJI4Fsk12yB5xSY0ckRNyRuqEkwG5J4/kybqzHqxn6+WzdcqazGySH7BePwDQhZdR</latexit>

{✓�⌃1 + (1� ✓)�⌃2 : 0  ✓  1}

<latexit sha1_base64="a42G5O+tAmR8i9tlw+KoyfY37Vw="></latexit>



Plateau problem on 3-torus
periodic boundary artifact



Admissible set

• Nontrivial cohomology  

• Nontrivial harmonic forms (closed but not exact)

H
1(T3) = ker(d1)/im(d0) 6= 0

<latexit sha1_base64="2QRcjahcCFgHKBHWScMkST++Gxs="></latexit>

Cohomology matters

h1

<latexit sha1_base64="yDj7OMCMqyRrgYfsQl+6isR5dHc=">AAAB6nicdVDLSgMxFM34aq2vqktRgkVwNWTa2o67ght1VdE+oB1KJs20oZkHSUYpQz/BjQtF3PpF7vwGP0IzrYKKHrhwOOde7r3HjTiTCqFXY25+YXEpk13OrayurW/kN7eaMowFoQ0S8lC0XSwpZwFtKKY4bUeCYt/ltOWOTlK/dU2FZGFwpcYRdXw8CJjHCFZauhz2rF6+gEzLqtg2gsgslipVu5QSVD2ulKFloikKtb33t8z5zW69l3/p9kMS+zRQhGMpOxaKlJNgoRjhdJLrxpJGmIzwgHY0DbBPpZNMT53AA630oRcKXYGCU/X7RIJ9Kce+qzt9rIbyt5eKf3mdWHm2k7AgihUNyGyRF3OoQpj+DftMUKL4WBNMBNO3QjLEAhOl08npEL4+hf+TZtG0yubRhU7jDMyQBTtgHxwCC1RBDZyCOmgAAgbgFtyDB4Mbd8aj8TRrnTM+Z7bBDxjPH7MfkRk=</latexit>

h2

<latexit sha1_base64="fp5hK5EiL96/tD/ctBTiw5Sf6fQ=">AAAB6nicdVDLSsNAFJ34aq2vqktRBovgKiRtbeOu4EZdVbQPaEOZTCft0MkkzEyUEvoJblwo4tYvcuc3+BE6aRVU9MCFwzn3cu89XsSoVJb1aszNLywuZbLLuZXVtfWN/OZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6CT1W9dESBryKzWOiBugAac+xUhp6XLYK/byBcu07YrjWNAyi6VK1SmlxKoeV8rQNq0pCrW997fM+c1uvZd/6fZDHAeEK8yQlB3bipSbIKEoZmSS68aSRAiP0IB0NOUoINJNpqdO4IFW+tAPhS6u4FT9PpGgQMpx4OnOAKmh/O2l4l9eJ1a+4yaUR7EiHM8W+TGDKoTp37BPBcGKjTVBWFB9K8RDJBBWOp2cDuHrU/g/aRZNu2weXeg0zsAMWbAD9sEhsEEV1MApqIMGwGAAbsE9eDCYcWc8Gk+z1jnjc2Yb/IDx/AG0o5Ea</latexit>

h3

<latexit sha1_base64="lN3q2ILqRWIZ095GOoCd1lJP67A=">AAAB6nicdVDLSsNAFJ34aq2vqktRBovgKiRtbeOu4EZdVbQPaEOZTCft0MkkzEyUEvoJblwo4tYvcuc3+BE6aRVU9MCFwzn3cu89XsSoVJb1aszNLywuZbLLuZXVtfWN/OZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6CT1W9dESBryKzWOiBugAac+xUhp6XLYK/XyBcu07YrjWNAyi6VK1SmlxKoeV8rQNq0pCrW997fM+c1uvZd/6fZDHAeEK8yQlB3bipSbIKEoZmSS68aSRAiP0IB0NOUoINJNpqdO4IFW+tAPhS6u4FT9PpGgQMpx4OnOAKmh/O2l4l9eJ1a+4yaUR7EiHM8W+TGDKoTp37BPBcGKjTVBWFB9K8RDJBBWOp2cDuHrU/g/aRZNu2weXeg0zsAMWbAD9sEhsEEV1MApqIMGwGAAbsE9eDCYcWc8Gk+z1jnjc2Yb/IDx/AG2J5Eb</latexit>



Admissible set
Cohomology as projected area

⌃

<latexit sha1_base64="fyv6Mu39TlV19jqveRuNK/Uctz0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmba2o67ghvdVbQPaIeSSTNtbJIZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3niBmVGnH+bByK6tr6xv5zcLW9s7uXnH/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLnI/M49kYpG4lZPY+JzNBI0pBhpI7X7N3TE0aBYcmzXrXmeAx27XKnVvUpGnPp5rQpd25mjBJZoDorv/WGEE06Exgwp1XOdWPspkppiRmaFfqJIjPAEjUjPUIE4UX46v3YGT4wyhGEkTQkN5+r3iRRxpaY8MJ0c6bH67WXiX14v0aHnp1TEiSYCLxaFCYM6gtnrcEglwZpNDUFYUnMrxGMkEdYmoIIJ4etT+D9pl223ap9dV0uNq2UceXAEjsEpcEEdNMAlaIIWwOAOPIAn8GxF1qP1Yr0uWnPWcuYQ/ID19gnlBo9j</latexit>

n⌃

<latexit sha1_base64="c87pdvGycoVxG3yYLF/W7aNTvRk=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK2tnFXcKO7ivYBTSiT6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtoKKnpg4HDOvdwzJ0gYlcq2P4zC2vrG5lZxu7Szu7d/YB4edWScCkzaOGax6AVIEkY5aSuqGOklgqAoYKQbTK5yvzslQtKY36tZQvwIjTgNKUZKSwPT9CKkxkEI+cC7o6MIDcyybTlO3XVtaFuVar3hVnNiNy7rNehY9gJlsEJrYL57wxinEeEKMyRl37ET5WdIKIoZmZe8VJIE4Qkakb6mHEVE+tki+RyeaWUIw1joxxVcqN83MhRJOYsCPZnnlL+9XPzL66cqdP2M8iRVhOPloTBlUMUwrwEOqSBYsZkmCAuqs0I8RgJhpcsq6RK+fgr/J52K5dSsi9tauXmzqqMITsApOAcOaIAmuAYt0AYYTMEDeALPRmY8Gi/G63K0YKx2jsEPGG+fnjmTsw==</latexit>

hi

<latexit sha1_base64="rrTKZXxpzytt8oqeZPOJ91SVADg=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZkNMckx4EVvEc0DkiXMTmaTIbMPZmaFsOQTvHhQxKtf5M2/cTZZQUULGoqqbrq7vFhwpTH+sApr6xubW8Xt0s7u3v5B+fCoq6JEUtahkYhk3yOKCR6yjuZasH4sGQk8wXre7DLze/dMKh6Fd3oeMzcgk5D7nBJtpNvpiI/KFWw7dWyAsN3EOak3qhlx7KWAK5CjPSq/D8cRTQIWaiqIUgMHx9pNidScCrYoDRPFYkJnZMIGhoYkYMpNl6cu0JlRxsiPpKlQo6X6fSIlgVLzwDOdAdFT9dvLxL+8QaL9ppvyME40C+lqkZ8IpCOU/Y3GXDKqxdwQQiU3tyI6JZJQbdIpmRC+PkX/k27Vdmr2xU2t0rrO4yjCCZzCOTjQgBZcQRs6QGECD/AEz5awHq0X63XVWrDymWP4AevtE3hAjfU=</latexit>

Pi(⌃)

<latexit sha1_base64="Ab9BI2iH+klcRV2K3Db8J6mTYrU=">AAAB/XicdVDLSgMxFM34rPU1PnZugkWomyFTattlwY3uKtoHdIYhk2ba0MyDJCPUUvwVNy4Ucet/uPNvzLQjqOiBwOGce7knx084kwqhD2NpeWV1bb2wUdzc2t7ZNff2OzJOBaFtEvNY9HwsKWcRbSumOO0lguLQ57Trj88zv3tLhWRxdKMmCXVDPIxYwAhWWvLMQyfEakQwhy2PlZ1rNgzxqWeWkGXXkAZEVgPlpFavZMS25gIqgRwtz3x3BjFJQxopwrGUfRslyp1ioRjhdFZ0UkkTTMZ4SPuaRjik0p3O08/giVYGMIiFfpGCc/X7xhSHUk5CX09mWeVvLxP/8vqpChrulEVJqmhEFoeClEMVw6wKOGCCEsUnmmAimM4KyQgLTJQurKhL+Pop/J90KpZdtc6uqqXmZV5HARyBY1AGNqiDJrgALdAGBNyBB/AEno1749F4MV4Xo0tGvnMAfsB4+wSLvZSs</latexit>

Z
hi ^ �⌃ =

Z

⌃
ei · n⌃dS

=

Z

Pi(⌃)
1dS = SignedArea(Pi(⌃))

<latexit sha1_base64="DZZlxM2DuBgibHdIBrBemAWz2Os="></latexit>



Admissible set
examples

Z
h1 ^ ⌘ = 0

Z
h2 ^ ⌘ = Area(D)

Z
h3 ^ ⌘ = 0

<latexit sha1_base64="afoeuFkFIYJzsRDea7RHETJdVGU="></latexit>

Z
h1 ^ ⌘ = 0

Z
h2 ^ ⌘ = 1�Area(D)

Z
h3 ^ ⌘ = 0

<latexit sha1_base64="P96vqiUwWaxwHuX3scAqM8b1KMY="></latexit>

Z
h1 ^ ⌘ = �1

Z
h2 ^ ⌘ = 1�Area(D)

Z
h3 ^ ⌘ = 1

<latexit sha1_base64="3ZlDTzIZWxF63ycz9MAtfMesVlI="></latexit>

Z
hi ^ �⌃ =

Z

⌃
ei · n⌃dS

=

Z

Pi(⌃)
1dS = SignedArea(Pi(⌃))

<latexit sha1_base64="DZZlxM2DuBgibHdIBrBemAWz2Os="></latexit>



Admissible set
Cohomology constraint

• Adding Cohomology constraint 

• Admissible set

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

Z
hi ^ ⌘ =  i, i = 1, 2, 3

<latexit sha1_base64="Qne0DJu0lzou7WZszIJo+st50V8="></latexit>



Admissible set
Cohomology constraint

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>



Admissible set
Cohomology constraint

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

ker(d1)

<latexit sha1_base64="hui0y/f25sdJQN9QCMbUpycwuko=">AAAB9XicdVBNT8JAEN3iF+IX6tHLRmKCl6YtCHIjevGIiYAJFLLdbmHDdtvsbjWk4X948aAxXv0v3vw3bgETNfqSSV7em8nMPC9mVCrL+jByK6tr6xv5zcLW9s7uXnH/oCOjRGDSxhGLxK2HJGGUk7aiipHbWBAUeox0vcll5nfviJA04jdqGhM3RCNOA4qR0tIg7YsQToiYlf2BfToslizTtmuO5UDLdCq1esPOiFVv1CrQNq05SmCJ1rD43vcjnISEK8yQlD3bipWbIqEoZmRW6CeSxAhP0Ij0NOUoJNJN51fP4IlWfBhEQhdXcK5+n0hRKOU09HRniNRY/vYy8S+vl6jg3E0pjxNFOF4sChIGVQSzCKBPBcGKTTVBWFB9K8RjJBBWOqiCDuHrU/g/6TimXTXPrqul5sUyjjw4AsegDGxQB01wBVqgDTAQ4AE8gWfj3ng0XozXRWvOWM4cgh8w3j4B77KSKg==</latexit>

im(d0)

<latexit sha1_base64="WZalnPRhYUNTXSKFhXeVxka3ehk=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExwM+kAguyIblxiImACI+l0OtDQzoxth4RM+A43LjTGrR/jzr+xPEzU6ElucnLOvbn3Hi/mTGmEPqzMyura+kZ2M7e1vbO7l98/aKsokYS2SMQjeethRTkLaUszzeltLCkWHqcdb3Q58ztjKhWLwhs9iakr8CBkASNYG8lNe1JAJqZF/w6d9vMFZDtOtYRKENmlcrVWd2YE1erVMnRsNEcBLNHs5997fkQSQUNNOFaq66BYuymWmhFOp7leomiMyQgPaNfQEAuq3HR+9BSeGMWHQSRNhRrO1e8TKRZKTYRnOgXWQ/Xbm4l/ed1EB+duysI40TQki0VBwqGO4CwB6DNJieYTQzCRzNwKyRBLTLTJKWdC+PoU/k/aJdup2GfXlULjYhlHFhyBY1AEDqiBBrgCTdACBNyDB/AEnq2x9Wi9WK+L1oy1nDkEP2C9fQIgUZGz</latexit>

ker(d1)?

<latexit sha1_base64="AerG0rnn1+Oq2YP4sZpTL9Z9MCM=">AAAB/XicdVDJTgJBEO1xRdxwuXnpSEzwMpkBBLkRvXjERJaEAdLTFNChZ0l3jwlOiL/ixYPGePU/vPk39gAmavQllby8V5Wqem7ImVSW9WEsLa+srq2nNtKbW9s7u5m9/YYMIkGhTgMeiJZLJHDmQ10xxaEVCiCey6Hpji8Tv3kLQrLAv1GTEDoeGfpswChRWuplDmNHeHgMYprrd+3TrhOCCHuZrGXadilv5bFl5gulcsVOiFWulArYNq0ZsmiBWi/z7vQDGnngK8qJlG3bClUnJkIxymGadiIJIaFjMoS2pj7xQHbi2fVTfKKVPh4EQpev8Ez9PhETT8qJ5+pOj6iR/O0l4l9eO1KD807M/DBS4NP5okHEsQpwEgXuMwFU8YkmhAqmb8V0RAShSgeW1iF8fYr/J428aRfNs+titnqxiCOFjtAxyiEblVEVXaEaqiOK7tADekLPxr3xaLwYr/PWJWMxc4B+wHj7BByalQg=</latexit>

⇢
⌘

����
Z

M
hi ^ ⌘ = Ai

�

<latexit sha1_base64="7Cdza1dlVOF2MlabqcDGKgFNHVA="></latexit>

{⌘ | d⌘ = ��}

<latexit sha1_base64="Y7O74X58s1VqMxS9r1diSmrNHno="></latexit>

H
1(M)

<latexit sha1_base64="E7S9qIfWjpge02UEDWE9WzdGFPw=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTCZ1tbuim66ESrYB7RjyaSZNjbzIMkIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd773EjzqSyrA8js7K6tr6R3cxtbe/s7uX3D9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0404uU79zT4VkYXCjphF1fDwKmMcIVlpqN25R8ep0kC9YJkIV27KhZdqlSrWGUmJVa5USRKY1RwEs0Rzk3/vDkMQ+DRThWMoesiLlJFgoRjid5fqxpBEmEzyiPU0D7FPpJPNrZ/BEK0PohUJXoOBc/T6RYF/Kqe/qTh+rsfztpeJfXi9W3rmTsCCKFQ3IYpEXc6hCmL4Oh0xQovhUE0wE07dCMsYCE6UDyukQvj6F/5O2baKyeXZdLtQvlnFkwRE4BkWAQBXUQQM0QQsQcAcewBN4NkLj0XgxXhetGWM5cwh+wHj7BIVojnY=</latexit>

A = ⌘0 + im(d0)

<latexit sha1_base64="4HrzcSzSIESV4MkdLjvydedoYCY="></latexit>



Admissible set
Cohomology constraint

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

ker(d1)

<latexit sha1_base64="hui0y/f25sdJQN9QCMbUpycwuko=">AAAB9XicdVBNT8JAEN3iF+IX6tHLRmKCl6YtCHIjevGIiYAJFLLdbmHDdtvsbjWk4X948aAxXv0v3vw3bgETNfqSSV7em8nMPC9mVCrL+jByK6tr6xv5zcLW9s7uXnH/oCOjRGDSxhGLxK2HJGGUk7aiipHbWBAUeox0vcll5nfviJA04jdqGhM3RCNOA4qR0tIg7YsQToiYlf2BfToslizTtmuO5UDLdCq1esPOiFVv1CrQNq05SmCJ1rD43vcjnISEK8yQlD3bipWbIqEoZmRW6CeSxAhP0Ij0NOUoJNJN51fP4IlWfBhEQhdXcK5+n0hRKOU09HRniNRY/vYy8S+vl6jg3E0pjxNFOF4sChIGVQSzCKBPBcGKTTVBWFB9K8RjJBBWOqiCDuHrU/g/6TimXTXPrqul5sUyjjw4AsegDGxQB01wBVqgDTAQ4AE8gWfj3ng0XozXRWvOWM4cgh8w3j4B77KSKg==</latexit>

im(d0)

<latexit sha1_base64="WZalnPRhYUNTXSKFhXeVxka3ehk=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExwM+kAguyIblxiImACI+l0OtDQzoxth4RM+A43LjTGrR/jzr+xPEzU6ElucnLOvbn3Hi/mTGmEPqzMyura+kZ2M7e1vbO7l98/aKsokYS2SMQjeethRTkLaUszzeltLCkWHqcdb3Q58ztjKhWLwhs9iakr8CBkASNYG8lNe1JAJqZF/w6d9vMFZDtOtYRKENmlcrVWd2YE1erVMnRsNEcBLNHs5997fkQSQUNNOFaq66BYuymWmhFOp7leomiMyQgPaNfQEAuq3HR+9BSeGMWHQSRNhRrO1e8TKRZKTYRnOgXWQ/Xbm4l/ed1EB+duysI40TQki0VBwqGO4CwB6DNJieYTQzCRzNwKyRBLTLTJKWdC+PoU/k/aJdup2GfXlULjYhlHFhyBY1AEDqiBBrgCTdACBNyDB/AEnq2x9Wi9WK+L1oy1nDkEP2C9fQIgUZGz</latexit>

ker(d1)?

<latexit sha1_base64="AerG0rnn1+Oq2YP4sZpTL9Z9MCM=">AAAB/XicdVDJTgJBEO1xRdxwuXnpSEzwMpkBBLkRvXjERJaEAdLTFNChZ0l3jwlOiL/ixYPGePU/vPk39gAmavQllby8V5Wqem7ImVSW9WEsLa+srq2nNtKbW9s7u5m9/YYMIkGhTgMeiJZLJHDmQ10xxaEVCiCey6Hpji8Tv3kLQrLAv1GTEDoeGfpswChRWuplDmNHeHgMYprrd+3TrhOCCHuZrGXadilv5bFl5gulcsVOiFWulArYNq0ZsmiBWi/z7vQDGnngK8qJlG3bClUnJkIxymGadiIJIaFjMoS2pj7xQHbi2fVTfKKVPh4EQpev8Ez9PhETT8qJ5+pOj6iR/O0l4l9eO1KD807M/DBS4NP5okHEsQpwEgXuMwFU8YkmhAqmb8V0RAShSgeW1iF8fYr/J428aRfNs+titnqxiCOFjtAxyiEblVEVXaEaqiOK7tADekLPxr3xaLwYr/PWJWMxc4B+wHj7BByalQg=</latexit>

⇢
⌘

����
Z

M
hi ^ ⌘ = Ai

�

<latexit sha1_base64="7Cdza1dlVOF2MlabqcDGKgFNHVA="></latexit>

{⌘ | d⌘ = ��}

<latexit sha1_base64="Y7O74X58s1VqMxS9r1diSmrNHno="></latexit>

H
1(M)

<latexit sha1_base64="E7S9qIfWjpge02UEDWE9WzdGFPw=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTCZ1tbuim66ESrYB7RjyaSZNjbzIMkIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd773EjzqSyrA8js7K6tr6R3cxtbe/s7uX3D9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0404uU79zT4VkYXCjphF1fDwKmMcIVlpqN25R8ep0kC9YJkIV27KhZdqlSrWGUmJVa5USRKY1RwEs0Rzk3/vDkMQ+DRThWMoesiLlJFgoRjid5fqxpBEmEzyiPU0D7FPpJPNrZ/BEK0PohUJXoOBc/T6RYF/Kqe/qTh+rsfztpeJfXi9W3rmTsCCKFQ3IYpEXc6hCmL4Oh0xQovhUE0wE07dCMsYCE6UDyukQvj6F/5O2baKyeXZdLtQvlnFkwRE4BkWAQBXUQQM0QQsQcAcewBN4NkLj0XgxXhetGWM5cwh+wHj7BIVojnY=</latexit>

A = ⌘0 + im(d0)

<latexit sha1_base64="4HrzcSzSIESV4MkdLjvydedoYCY="></latexit>

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>



Fast ADMM

• Initial guess  by Biot Savart⌘0 2 A

Equivalent formulation

⌘0 2 A

<latexit sha1_base64="yNK7MzQguqufAAdEQVJEcNnM5Dc=">AAAB/nicdVDNSgMxGMzWv1r/VsWTl2ARPC3Ztrb1VvGitwq2FrpLyaZpG5rNLklWKEvBV/HiQRGvPoc338ZsW0FFBwLDzPfxTSaIOVMaoQ8rt7S8srqWXy9sbG5t79i7e20VJZLQFol4JDsBVpQzQVuaaU47saQ4DDi9DcYXmX97R6VikbjRk5j6IR4KNmAEayP17AOPatxD0GMCeiHWI4I5PO/ZReS4brVeRxA5pXK1Vi9nBNXOqhXoOmiGIlig2bPfvX5EkpAKTThWquuiWPsplpoRTqcFL1E0xmSMh7RrqMAhVX46iz+Fx0bpw0EkzRMaztTvGykOlZqEgZnMEqrfXib+5XUTPaj7KRNxoqkg80ODhEMdwawL2GeSEs0nhmAimckKyQhLTLRprGBK+Pop/J+0S45bcU6vK8XG1aKOPDgER+AEuKAGGuASNEELEJCCB/AEnq1769F6sV7nozlrsbMPfsB6+wQy5JUM</latexit>

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

minimize k⌘kmass

s.t. ⌘ 2

<latexit sha1_base64="oPc1pJCxg7XP6thfsnrrJmD1m/k="></latexit>



Fast ADMM

• Initial guess  by Biot Savart 

• Equivalently problem:  

•

⌘0 2 A

variable ' 2 ⌦0(M), ⌘ 2 ⌦1(M)

minimize k⌘kmass

s.t. ⌘ � ⌘0 = d'

<latexit sha1_base64="4CGmE74C94Pj+Css4PtBz+toR2k="></latexit>

Equivalent formulation

⌘0 2 A

<latexit sha1_base64="yNK7MzQguqufAAdEQVJEcNnM5Dc=">AAAB/nicdVDNSgMxGMzWv1r/VsWTl2ARPC3Ztrb1VvGitwq2FrpLyaZpG5rNLklWKEvBV/HiQRGvPoc338ZsW0FFBwLDzPfxTSaIOVMaoQ8rt7S8srqWXy9sbG5t79i7e20VJZLQFol4JDsBVpQzQVuaaU47saQ4DDi9DcYXmX97R6VikbjRk5j6IR4KNmAEayP17AOPatxD0GMCeiHWI4I5PO/ZReS4brVeRxA5pXK1Vi9nBNXOqhXoOmiGIlig2bPfvX5EkpAKTThWquuiWPsplpoRTqcFL1E0xmSMh7RrqMAhVX46iz+Fx0bpw0EkzRMaztTvGykOlZqEgZnMEqrfXib+5XUTPaj7KRNxoqkg80ODhEMdwawL2GeSEs0nhmAimckKyQhLTLRprGBK+Pop/J+0S45bcU6vK8XG1aKOPDgER+AEuKAGGuASNEELEJCCB/AEnq1769F6sV7nozlrsbMPfsB6+wQy5JUM</latexit>

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

minimize k⌘kmass

s.t. ⌘ 2

<latexit sha1_base64="oPc1pJCxg7XP6thfsnrrJmD1m/k="></latexit>



Fast ADMM
global (Poisson) and local (Shrink) solve

• Global 

•  
• Poisson equation on torus 

• Spectral method

min
'

h�, d'i+ ⌧

2
kd'� ⌘ + ⌘0k2L2

⌧�' = ⌘ � ⌘0 + ��

<latexit sha1_base64="itZjlPwSRRBITWjp75B+lLZ6S/4="></latexit>

• Local 

•  
• L1 pointwise optimality 

• Shrinkage operator

min
⌘

k⌘kmass � h�, ⌘i+ ⌧

2
kd'� ⌘ + ⌘0k2L2

8p 2 M, (⌧(d'� ⌘ + ⌘0) + �)p 2 @|⌘p|

<latexit sha1_base64="BJvGRzBYIZAs8jPIo3KFJI+F5k8="></latexit>



Results



Converting current to level set

• Optimal solution  
singularity at  in normal direction 

•  jump at  in normal direction 

• Take level set 

⌘⇤ = �⌃⇤

⌃⇤

<latexit sha1_base64="Pu7PnAkebfkMmXnJEGWy1YyyAk0=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZLaUpcFN7qraB+QxDKZTtqhkwczN0IJ/Qw3LhRx69e482+cphFU9MCFwzn3cu89fiK4Asv6MEorq2vrG+XNytb2zu5edf+gp+JUUtalsYjlwCeKCR6xLnAQbJBIRkJfsL4/vVj4/XsmFY+jW5glzAvJOOIBpwS05Lg3fBySO5coGFZrlmk3LQ1smWdWQeqtnNhmLlg1VKAzrL67o5imIYuACqKUY1sJeBmRwKlg84qbKpYQOiVj5mgakZApL8tPnuMTrYxwEEtdEeBc/T6RkVCpWejrzpDARP32FuJfnpNCcO5lPEpSYBFdLgpSgSHGi//xiEtGQcw0IVRyfSumEyIJBZ1SRYfw9Sn+n/Tqpt0wm9eNWvuqiKOMjtAxOkU2aqE2ukQd1EUUxegBPaFnA4xH48V4XbaWjGLmEP2A8fYJXWWRWA==</latexit>

u⇤ = d+⌘⇤ ⌃⇤

<latexit sha1_base64="Pu7PnAkebfkMmXnJEGWy1YyyAk0=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZLaUpcFN7qraB+QxDKZTtqhkwczN0IJ/Qw3LhRx69e482+cphFU9MCFwzn3cu89fiK4Asv6MEorq2vrG+XNytb2zu5edf+gp+JUUtalsYjlwCeKCR6xLnAQbJBIRkJfsL4/vVj4/XsmFY+jW5glzAvJOOIBpwS05Lg3fBySO5coGFZrlmk3LQ1smWdWQeqtnNhmLlg1VKAzrL67o5imIYuACqKUY1sJeBmRwKlg84qbKpYQOiVj5mgakZApL8tPnuMTrYxwEEtdEeBc/T6RkVCpWejrzpDARP32FuJfnpNCcO5lPEpSYBFdLgpSgSHGi//xiEtGQcw0IVRyfSumEyIJBZ1SRYfw9Sn+n/Tqpt0wm9eNWvuqiKOMjtAxOkU2aqE2ukQd1EUUxegBPaFnA4xH48V4XbaWjGLmEP2A8fYJXWWRWA==</latexit>

⌃⇤ = {x 2 M |u⇤(x) = 0}
u⇤ = d+⌘⇤

<latexit sha1_base64="0E4dkiI9b+e5WB6VtnTFeCGdLGQ=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEQRhmakvdCAU3uqtgH9CZlkyatqGZB8kdoQwFf8WNC0Xc+h3u/BvTaQUVPXDh5Jx7yb3HjwVXYNsfRm5peWV1Lb9e2Njc2t4xd/eaKkokZQ0aiUi2faKY4CFrAAfB2rFkJPAFa/njy5nfumNS8Si8hUnMvIAMQz7glICWeuZB0nWJAnyB+91TlwHJnj2zaFtOxdbAtnVmL0ipmhHHygS7iBao98x3tx/RJGAhUEGU6jh2DF5KJHAq2LTgJorFhI7JkHU0DUnAlJdm60/xsVb6eBBJXSHgTP0+kZJAqUng686AwEj99mbiX14ngcG5l/IwToCFdP7RIBEYIjzLAve5ZBTERBNCJde7YjoiklDQiRV0CF+X4v9Js2Q5ZatyUy7Wrhdx5NEhOkInyEFVVENXqI4aiKIUPaAn9GzcG4/Gi/E6b80Zi5l99APG2ydH95UX</latexit>

⌃⇤ = {x 2 M |u⇤(x) = 0}

<latexit sha1_base64="Ut7kLNmUdBKC3nHXQY4VLrw0wsw="></latexit>

⌘⇤ = �⌃⇤

<latexit sha1_base64="0MWTFecfJS/I+E3k5RX8LPzouVM=">AAACCXicdZDJSgNBEIZ73I1b1KOXxiB4GmZciBch4EVvikYDmRhqOpWksWehu0YIQ65efBUvHhTx6ht4823sLIKK/tDw81UV1fWHqZKGPO/DmZicmp6ZnZsvLCwuLa8UV9cuTZJpgVWRqETXQjCoZIxVkqSwlmqEKFR4Fd4cDepXt6iNTOIL6qXYiKATy7YUQBY1izxAgusADPFDHrRQETTz4Fx2ohHtN4slz/X3PSvuubve2OyUh8Z3h8ArsbFOm8X3oJWILMKYhAJj6r6XUiMHTVIo7BeCzGAK4gY6WLc2hghNIx9e0udblrR4O9H2xcSH9PtEDpExvSi0nRFQ1/yuDeBftXpG7YNGLuM0I4zFaFE7U5wSPoiFt6RGQapnDQgt7V+56IIGQTa8gg3h61L+v7nccf09d/9sr1Q5GccxxzbYJttmPiuzCjtmp6zKBLtjD+yJPTv3zqPz4ryOWiec8cw6+yHn7RNdmJot</latexit>



Converting current to level set

u⇤ = d+⌘⇤

<latexit sha1_base64="0E4dkiI9b+e5WB6VtnTFeCGdLGQ=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEQRhmakvdCAU3uqtgH9CZlkyatqGZB8kdoQwFf8WNC0Xc+h3u/BvTaQUVPXDh5Jx7yb3HjwVXYNsfRm5peWV1Lb9e2Njc2t4xd/eaKkokZQ0aiUi2faKY4CFrAAfB2rFkJPAFa/njy5nfumNS8Si8hUnMvIAMQz7glICWeuZB0nWJAnyB+91TlwHJnj2zaFtOxdbAtnVmL0ipmhHHygS7iBao98x3tx/RJGAhUEGU6jh2DF5KJHAq2LTgJorFhI7JkHU0DUnAlJdm60/xsVb6eBBJXSHgTP0+kZJAqUng686AwEj99mbiX14ngcG5l/IwToCFdP7RIBEYIjzLAve5ZBTERBNCJde7YjoiklDQiRV0CF+X4v9Js2Q5ZatyUy7Wrhdx5NEhOkInyEFVVENXqI4aiKIUPaAn9GzcG4/Gi/E6b80Zi5l99APG2ydH95UX</latexit>

⌃⇤ = {x 2 M |u⇤(x) = 0}

<latexit sha1_base64="Ut7kLNmUdBKC3nHXQY4VLrw0wsw="></latexit>

⌘⇤ = �⌃⇤

<latexit sha1_base64="0MWTFecfJS/I+E3k5RX8LPzouVM=">AAACCXicdZDJSgNBEIZ73I1b1KOXxiB4GmZciBch4EVvikYDmRhqOpWksWehu0YIQ65efBUvHhTx6ht4823sLIKK/tDw81UV1fWHqZKGPO/DmZicmp6ZnZsvLCwuLa8UV9cuTZJpgVWRqETXQjCoZIxVkqSwlmqEKFR4Fd4cDepXt6iNTOIL6qXYiKATy7YUQBY1izxAgusADPFDHrRQETTz4Fx2ohHtN4slz/X3PSvuubve2OyUh8Z3h8ArsbFOm8X3oJWILMKYhAJj6r6XUiMHTVIo7BeCzGAK4gY6WLc2hghNIx9e0udblrR4O9H2xcSH9PtEDpExvSi0nRFQ1/yuDeBftXpG7YNGLuM0I4zFaFE7U5wSPoiFt6RGQapnDQgt7V+56IIGQTa8gg3h61L+v7nccf09d/9sr1Q5GccxxzbYJttmPiuzCjtmp6zKBLtjD+yJPTv3zqPz4ryOWiec8cw6+yHn7RNdmJot</latexit>

• Optimal solution  
singularity at  in normal direction 

•  jump at  in normal direction 

• Take level set  

•  

•  single Poisson solve

⌘⇤ = �⌃⇤

⌃⇤

<latexit sha1_base64="Pu7PnAkebfkMmXnJEGWy1YyyAk0=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZLaUpcFN7qraB+QxDKZTtqhkwczN0IJ/Qw3LhRx69e482+cphFU9MCFwzn3cu89fiK4Asv6MEorq2vrG+XNytb2zu5edf+gp+JUUtalsYjlwCeKCR6xLnAQbJBIRkJfsL4/vVj4/XsmFY+jW5glzAvJOOIBpwS05Lg3fBySO5coGFZrlmk3LQ1smWdWQeqtnNhmLlg1VKAzrL67o5imIYuACqKUY1sJeBmRwKlg84qbKpYQOiVj5mgakZApL8tPnuMTrYxwEEtdEeBc/T6RkVCpWejrzpDARP32FuJfnpNCcO5lPEpSYBFdLgpSgSHGi//xiEtGQcw0IVRyfSumEyIJBZ1SRYfw9Sn+n/Tqpt0wm9eNWvuqiKOMjtAxOkU2aqE2ukQd1EUUxegBPaFnA4xH48V4XbaWjGLmEP2A8fYJXWWRWA==</latexit>

u⇤ = d+⌘⇤ ⌃⇤

<latexit sha1_base64="Pu7PnAkebfkMmXnJEGWy1YyyAk0=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZLaUpcFN7qraB+QxDKZTtqhkwczN0IJ/Qw3LhRx69e482+cphFU9MCFwzn3cu89fiK4Asv6MEorq2vrG+XNytb2zu5edf+gp+JUUtalsYjlwCeKCR6xLnAQbJBIRkJfsL4/vVj4/XsmFY+jW5glzAvJOOIBpwS05Lg3fBySO5coGFZrlmk3LQ1smWdWQeqtnNhmLlg1VKAzrL67o5imIYuACqKUY1sJeBmRwKlg84qbKpYQOiVj5mgakZApL8tPnuMTrYxwEEtdEeBc/T6RkVCpWejrzpDARP32FuJfnpNCcO5lPEpSYBFdLgpSgSHGi//xiEtGQcw0IVRyfSumEyIJBZ1SRYfw9Sn+n/Tqpt0wm9eNWvuqiKOMjtAxOkU2aqE2ukQd1EUUxegBPaFnA4xH48V4XbaWjGLmEP2A8fYJXWWRWA==</latexit>

⌃⇤ = {x 2 M |u⇤(x) = 0}

d+⌘⇤ = argmin
u2D⌦0(M):du=⌘⇤

kukL2

d+⌘⇤ = ��1�⌘⇤

d+⌘⇤ = argmin
u2D⌦0(M):du=⌘⇤

kukL2

<latexit sha1_base64="CxdEQ0tpYiq3wC7wKZmbMwQhIGM="></latexit>

d+⌘⇤ = ��1�⌘⇤

<latexit sha1_base64="UUHFrS0qA3AG1e8frLZy4/q10qU="></latexit>



Singly periodic Scherk surface







Squared Costa surface













Comparison

PC: H. Parks and J. Pitts 1997













Can’t do: non-manifold soap film

Figure courtesy: H. Schumacher and M. Wardetzky 2019

(the 120º intersection)



Non-manifold minimal surface
(the 120º intersection)

is equivalent to is less optimal than



Non-manifold minimal surface
(the 120º intersection)

is equivalent to is less optimal than

is less optimal than



Can’t do: non-orientable soap film

Figure courtesy: U. Pinkall and K. Polthier 1993



Comparison to other methods
Pinkall and Polthier 1993 Dunfield and Hirani 2011 Ours
discrete curvature flow  

on trimesh
optimal discrete cochain 

on tetmesh
current norm minimization 

on grid

initialization/remeshing for 
different topology

automatic topology automatic topology

only local minimum global minimum global minumum
quality surface trimesh quality spatial tetmesh regular grid
Possibly ill-conditioned 

Laplacian
Interior point method FFT on grid



Future work

• Applications in crystallographic structures 

• Current neural network 

• L1 gauge decomposition of differential forms 

• Gravity (soap film with mass) 

• Thin shell dynamics simulation 

• Non-orientable soap films using varifolds 

• Volume constraint for soap bubbles 

• Non-compact ambient space  

• Weierstrass-Enneper representation neural network

M

<latexit sha1_base64="hapo0kIhS8wI2G79Wgj+u3xdR8g=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgruNGF0IJ9QDuUTJppYzOZIckIZegXuHGhiFs/yZ1/Y6atoKIHLhzOuZd77/FjzpRG6MNaWV1b39jMbeW3d3b39gsHh20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPLzO/cU6lYJG71NKZeiEeCBYxgbaTmzaBQRLbjVF0XQWSXytWaW84Iql1UK9Cx0RxFsERjUHjvDyOShFRowrFSPQfF2kux1IxwOsv3E0VjTCZ4RHuGChxS5aXzQ2fw1ChDGETSlNBwrn6fSHGo1DT0TWeI9Vj99jLxL6+X6MD1UibiRFNBFouChEMdwexrOGSSEs2nhmAimbkVkjGWmGiTTd6E8PUp/J+0S7ZTsc+blWL9ehlHDhyDE3AGHFADdXAFGqAFCKDgATyBZ+vOerRerNdF64q1nDkCP2C9fQIew40x</latexit>



Thank you for your attention!
Stephanie Wang and Albert Chern 

      stw006@eng.ucsd.edu and alchern@eng.ucsd.edu
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