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A brief history of minimal surfaces
The chronicle

Lagrange 1760
Euler-Lagrange equation of surface area functional for height !eld

Meusnier 1776
First non-trivial example: helicoid and catenoid

Monge and Legendre 1795
Representation formulas for minimal surfaces

Enneper and Weierstrass 1863?
Weierstrass representation and Enneper surface

Plateau 1873
Plateau’s laws of soap !lms
(including nonmanifold soap !lms)

Douglas 1931, Rado 1931 (independently)
Existence for disks based on conformal mapping

Courant 1936-40
Existence for more general boundary curves with conformal mapping

Scherk 1834
Third example of minimal surfaces (periodic)

Bernstein 1914
Boundaryless function graphs in R^3 are planes

Douglas 1927
Finite di"erence with multigrid acceleration
for height !eld with arbitrary boundary value

Wilson 1961
Finite di"erence with conformal mapping

Concus 1967
Finite di"erence for height !eld with Newton’s root !nding

Hinata, Shimasaki, and Kiyono 1974
Finite element for height !eld with Newton’s root !nding

Dziuk 1990
Discrete mean curvature L2 #ow

Dziuk and Hutchinson 1999
Convergence analysis on Plateau problem algorithms

Schumacher and Wardetzky 2019
Convergenece under re!nement

Kazhdan, Solomon, and Ben-Chen 2012
Conformal minimal surface by !nite element heat #ow

Brakke 1992
Surface Evolver (software)

Wagner 1977
Finite element for general trimesh

Sullivan 1990, Hirani 2003
Discrete minimal current with linear programming Dun!eld and Hirani 2011

Discrete minimal current on tetmesh
Dey, Hirani, and Krishnamoorthy 2011
Optimal homologous cycleParks 1992

Implementation of his 1977 work Parks and Pitts 2020
Discrete minimal current with Surface Evolver

Pinkall and Polthier 1993
Discrete mean curvature 
H1 gradient #ow

Crane, Pinkall, and Schröder 2011
Conformal Willmore #ow minimal surface

Parks and Pitts 1997
Minimal total variation levelset with branch cut

Popov 1996
Stretched grid method

Schwarz 1865-1867
Periodic Schwarz surface families

Kelvin 1887
Bubble foam packing problem

Costa 1982
Example of minimal surface other than
plane, catenoid, and helicoid

Federer and Fleming 1960
Geometric measure theory

Schoen 1970, Karcher 1989
Triply periodic minimal surfaces (lattices)

Brezis and Mironescu 2019
S1-valued minimizer of total variation

Bryant 1987
Constant mean curvature surface in 3D hyperbolic space

Björling 1844
Minimal surface with 
prescribed boundary and normal

Catalan 1842-43
Ruled minimal surface (helicoid) Parks 1977 (1986 book)

Levelset of functions with minimal total variations
with boundary on boundary of convex open sets

Taylor 1976
Soap !lm singularities



Plateau problem

• : a (3-dimensional) ambient manifold.  

• Given a closed boundary curve  (that is, ). 

• Find a surface  that

M
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finding the minimal surface with a given boundary curve

minimize Area(⌃)

s.t. @⌃ = �
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—well-known geometric processing fact.

local minima

“Area functional is not convex.”



Surface representations
Implicit Explicit



Level-set-based methods

• Surface is implicitly stored with a spatial function  

• Level set

no boundary for level sets

⌃ = {x 2 M |f(x) = 0}
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Level-set-based methods

• Surface is implicitly stored with a spatial function  

• Level set  

• Inherently,  boundary of an open region. 

• .

f : M ! R

⌃ = @{x 2 M |f(x) > 0} = @U

@⌃ = @@U = ?
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U = {x 2 M |f(x) > 0}
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no boundary for level sets



Mesh-based methods

• Discrete curvature flow 

• Ill-conditioned Laplacian for low quality mesh



Mesh-based methods

• Discrete curvature flow 

• Ill-conditioned Laplacian for low quality mesh 

• Discrete operation to resolve topological difference



Our method
connectivity represented differently

• Discrete curvature flow 

• Ill-conditioned Laplacian for low quality mesh 

• Discrete operation to resolve topological difference





• Differential forms and surface representation 

• Plateau problem 

• Fast ADMM algorithms and results 

• Generalized mass norm minimization

Outline



Differential forms
Z

U
f(x, y, z)dxdydz
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3-form

Z
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Fdxdy +Gdydz +Hdxdz
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f(x, y, z)

<latexit sha1_base64="/ZAl5spr2MipsUqFxLxAxiEVloY=">AAAB73icdVDLSgMxFM34rPVVdekmWIQKZci0tR13BUFcVrAPaIeSSTNtaOZhkhHr0J9w40IRt/6OO//GTFtBRQ9cOJxzL/fe40acSYXQh7G0vLK6tp7ZyG5ube/s5vb2WzKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtjs9Tv31LhWRhcK0mEXV8PAyYxwhWWup4hbvipHh/0s/lkWlZVdtGEJmlcrVml1OCamfVCrRMNEMeLNDo5957g5DEPg0U4VjKroUi5SRYKEY4nWZ7saQRJmM8pF1NA+xT6SSze6fwWCsD6IVCV6DgTP0+kWBfyonv6k4fq5H87aXiX143Vp7tJCyIYkUDMl/kxRyqEKbPwwETlCg+0QQTwfStkIywwETpiLI6hK9P4f+kVTKtinl6VcnXLxZxZMAhOAIFYIEaqINL0ABNQAAHD+AJPBs3xqPxYrzOW5eMxcwB+AHj7RN1sY+h</latexit>

f(x0, y0, z0)

<latexit sha1_base64="170uJwRfLlPnDNjw8g+S9ZR1UXE=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWoIEOmrW3dFQRxWcE+oC1DJs20oZkHSaZYh/6JGxeKuPVP3Pk3ZtoKKnrgXg7n3EtujhtxJhVCH0ZmZXVtfSO7mdva3tndM/cPWjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji9Tvz2hQrIwuFXTiPZ9PAyYxwhWWnJM0yvcOegMTtN276BTx8wjy7YrtRqCyCqWKtVaKSWoelEpQ9tCc+TBEg3HfO8NQhL7NFCEYym7NopUP8FCMcLpLNeLJY0wGeMh7WoaYJ/KfjK/fAZPtDKAXih0BQrO1e8bCfalnPqunvSxGsnfXir+5XVj5dX6CQuiWNGALB7yYg5VCNMY4IAJShSfaoKJYPpWSEZYYKJ0WDkdwtdP4f+kVbTssnV+U87Xr5ZxZMEROAYFYIMqqINr0ABNQMAEPIAn8GwkxqPxYrwuRjPGcucQ/IDx9gkapJIP</latexit>

0-form

Fdydz +Gdzdx+Hdxdy

<latexit sha1_base64="6SJ8t0/oHaglMCkusplw9sY/3ag=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyyCIAwzbW3rriDULivYB7SlZJK0Dc08SDLS6VDwV9y4UMSt3+HOvzF9CCp64HIP59xLbo4TcCaVZX0YiZXVtfWN5GZqa3tndy+9f9CQfigwrWOf+6LlIEk582hdMcVpKxAUuQ6nTWd0NfObd1RI5nu3Kgpo10UDj/UZRkpLvfRRhURkAs/hNZmQse5VMiZRL52xTNsulEoWtMxsrlAs5WbEKl4W8tA2rTkyYIlaL/3eIT4OXeopzJGUbdsKVDdGQjHM6TTVCSUNEB6hAW1r6iGXym48P38KT7VCYN8XujwF5+r3jRi5UkauoyddpIbytzcT//LaoeqXujHzglBRDy8e6occKh/OsoCECYoVjzRBWDB9K8RDJBBWOrGUDuHrp/B/0siadt68uMlnypVlHElwDE7AGbBBEZRBFdRAHWAQgwfwBJ6Ne+PReDFeF6MJY7lzCH7AePsEqdiUsw==</latexit>



Z

U
f(x, y, z)dxdydz

<latexit sha1_base64="mxkPmJ/5zTRuULK4r1hzSJKJrOI=">AAAB/3icdVDLSgMxFM34rPVVFdy4CRahQhlm2trWXUEQlxXsA9pSMplMG5rJDElGOq1d+CtuXCji1t9w59+YPgQVPXDhcM693HuPEzIqlWV9GEvLK6tr64mN5ObW9s5uam+/LoNIYFLDAQtE00GSMMpJTVHFSDMUBPkOIw1ncDH1G7dESBrwGxWHpOOjHqcexUhpqZs6bFOuujXoZYbZODs6he7Qjd1RN5W2TNsulssWtMxcvlgq56fEKp0XC9A2rRnSYIFqN/XedgMc+YQrzJCULdsKVWeMhKKYkUmyHUkSIjxAPdLSlCOfyM54dv8EnmjFhV4gdHEFZ+r3iTHypYx9R3f6SPXlb28q/uW1IuWVO2PKw0gRjueLvIhBFcBpGNClgmDFYk0QFlTfCnEfCYSVjiypQ/j6FP5P6jnTLphn14V05XIRRwIcgWOQATYogQq4AlVQAxjcgQfwBJ6Ne+PReDFe561LxmLmAPyA8fYJGpuVkA==</latexit>

3-form

Z

M
'(x, y, z)f(x, y, z)dxdydz

<latexit sha1_base64="V9G9obkHYvjFcRQ39RrHoEh4rxo="></latexit>

Z

M
'(x, y, z)�p(x, y, z)dxdydz = '(xp, yp, zp)

<latexit sha1_base64="p64wAWbYXLH81yFq3u2vut/dFMI="></latexit>

: a test function (0-form)'

<latexit sha1_base64="iBYe6I7YgwjxZ7QicmWCPsSIcVI=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LCvYB7VAyadqGZjIhyRTK0I9w40IRt36PO//GTFtBRQ9cOJxzL/feE0rOtEHow8ltbG5t7+R3C3v7B4dHxeOTto4TRWiLxDxW3RBrypmgLcMMp12pKI5CTjvh9CbzOzOqNIvFvZlLGkR4LNiIEWys1OnPsJITNiiWkOt5Nd9HELnlSq3uVzKC6te1KvRctEQJrNEcFN/7w5gkERWGcKx1z0PSBClWhhFOF4V+oqnEZIrHtGepwBHVQbo8dwEvrDKEo1jZEgYu1e8TKY60nkeh7YywmejfXib+5fUSM/KDlAmZGCrIatEo4dDEMPsdDpmixPC5JZgoZm+FZIIVJsYmVLAhfH0K/yftsutV3au7aqnhr+PIgzNwDi6BB+qgAW5BE7QAAVPwAJ7AsyOdR+fFeV215pz1zCn4AeftE+/Uj/U=</latexit>

�p(x, y, z)dxdydz

<latexit sha1_base64="o4GZI4glXlH0P7O2fyfoTqwwUls=">AAAB/nicdVDLSsNAFJ3UV62vqrhyM1iECiUkbW3rriCIywr2AW0Jk8mkHTp5MDORpqHgr7hxoYhbv8Odf+P0IajogQuHc+7l3nvskFEhDeNDS62srq1vpDczW9s7u3vZ/YOWCCKOSRMHLOAdGwnCqE+akkpGOiEnyLMZadujy5nfviNc0MC/lXFI+h4a+NSlGEklWdmjnkOYRFaYHxfiwuTMGTuxM7GyOUM3zUqtZkBDL5Yq1VppRozqRaUMTd2YIweWaFjZ954T4MgjvsQMCdE1jVD2E8QlxYxMM71IkBDhERqQrqI+8ojoJ/Pzp/BUKQ50A67Kl3Cufp9IkCdE7Nmq00NyKH57M/EvrxtJt9ZPqB9Gkvh4sciNGJQBnGUBHcoJlixWBGFO1a0QDxFHWKrEMiqEr0/h/6RV1M2yfn5TztWvlnGkwTE4AXlggiqog2vQAE2AQQIewBN41u61R+1Fe120prTlzCH4Ae3tE0L6lbo=</latexit>

and Dirac deltaDifferential forms



3-form

Z

M
'(x, y, z)�p(x, y, z)dxdydz = '(xp, yp, zp)

<latexit sha1_base64="p64wAWbYXLH81yFq3u2vut/dFMI="></latexit>

: a test function (0-form)'

<latexit sha1_base64="iBYe6I7YgwjxZ7QicmWCPsSIcVI=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LCvYB7VAyadqGZjIhyRTK0I9w40IRt36PO//GTFtBRQ9cOJxzL/feE0rOtEHow8ltbG5t7+R3C3v7B4dHxeOTto4TRWiLxDxW3RBrypmgLcMMp12pKI5CTjvh9CbzOzOqNIvFvZlLGkR4LNiIEWys1OnPsJITNiiWkOt5Nd9HELnlSq3uVzKC6te1KvRctEQJrNEcFN/7w5gkERWGcKx1z0PSBClWhhFOF4V+oqnEZIrHtGepwBHVQbo8dwEvrDKEo1jZEgYu1e8TKY60nkeh7YywmejfXib+5fUSM/KDlAmZGCrIatEo4dDEMPsdDpmixPC5JZgoZm+FZIIVJsYmVLAhfH0K/yftsutV3au7aqnhr+PIgzNwDi6BB+qgAW5BE7QAAVPwAJ7AsyOdR+fFeV215pz1zCn4AeftE+/Uj/U=</latexit>

Dirac-delta 3-form�p(x, y, z)dxdydz

<latexit sha1_base64="o4GZI4glXlH0P7O2fyfoTqwwUls=">AAAB/nicdVDLSsNAFJ3UV62vqrhyM1iECiUkbW3rriCIywr2AW0Jk8mkHTp5MDORpqHgr7hxoYhbv8Odf+P0IajogQuHc+7l3nvskFEhDeNDS62srq1vpDczW9s7u3vZ/YOWCCKOSRMHLOAdGwnCqE+akkpGOiEnyLMZadujy5nfviNc0MC/lXFI+h4a+NSlGEklWdmjnkOYRFaYHxfiwuTMGTuxM7GyOUM3zUqtZkBDL5Yq1VppRozqRaUMTd2YIweWaFjZ954T4MgjvsQMCdE1jVD2E8QlxYxMM71IkBDhERqQrqI+8ojoJ/Pzp/BUKQ50A67Kl3Cufp9IkCdE7Nmq00NyKH57M/EvrxtJt9ZPqB9Gkvh4sciNGJQBnGUBHcoJlixWBGFO1a0QDxFHWKrEMiqEr0/h/6RV1M2yfn5TztWvlnGkwTE4AXlggiqog2vQAE2AQQIewBN41u61R+1Fe120prTlzCH4Ae3tE0L6lbo=</latexit>

�p : ' 7! '(p)

<latexit sha1_base64="1Bnqm4EUnSYLYl30LH5JkHSnBKA="></latexit>

3-forms as measures



Z

M
⌘ ^ �� =

Z

�
⌘

<latexit sha1_base64="Ogv6yBwCUrFDGPGNfCYWPOxg/VQ="></latexit>

: a test 1-form⌘ = fdx+ gdy + hdz

<latexit sha1_base64="j2C57pflSoqJd73rlAXfRTPa300=">AAAB+3icdVDLSsNAFJ3UV62vWJduBosgFELS1jYuhIIblxXsA9pSJpNJO3TyYGYijaG/4saFIm79EXf+jZO2gooeuHA4517uvceJGBXSND+03Nr6xuZWfruws7u3f6AfFjsijDkmbRyykPccJAijAWlLKhnpRZwg32Gk60yvMr97R7igYXArk4gMfTQOqEcxkkoa6cUBkQheQs+dlcduUp649yO9ZBqWVbdtE5pGpVpv2NWMmI2Leg1ahrlACazQGunvAzfEsU8CiRkSom+ZkRymiEuKGZkXBrEgEcJTNCZ9RQPkEzFMF7fP4alSXOiFXFUg4UL9PpEiX4jEd1Snj+RE/PYy8S+vH0vPHqY0iGJJArxc5MUMyhBmQUCXcoIlSxRBmFN1K8QTxBGWKq6CCuHrU/g/6VQMq2ac39RKTXsVRx4cgxNwBizQAE1wDVqgDTCYgQfwBJ61ufaovWivy9actpo5Aj+gvX0CLQaT4w==</latexit>

⌘ 7!
Z

�
⌘

<latexit sha1_base64="tO6bM8zJXnPdF4FkYtauE5btiv0=">AAACBXicdVBNSwMxFMz6bf2qetRDsAiell2tbb0JgnpUsLbQLeVtmmowyS7JW6EUL178K148KOLV/+DNf2O2VlDRgcAw8x4vM3EqhcUgePfGxicmp6ZnZgtz8wuLS8XllXObZIbxOktkYpoxWC6F5nUUKHkzNRxULHkjvjrI/cY1N1Yk+gz7KW8ruNCiJxigkzrF9Ygj0EhBajGhkdDYiY5AKcj1TrEU+GFYqdUCGvjbO5VqbScnQXWvUqahHwxRIiOcdIpvUTdhmeIamQRrW2GQYnsABgWT/KYQZZanwK7ggrcc1aC4bQ+GKW7oplO6tJcY9zTSofp9YwDK2r6K3aQCvLS/vVz8y2tl2Ku1B0KnGXLNPg/1Mkld4LwS2hWGM5R9R4AZ4f5K2SUYYOiKK7gSvpLS/8n5th+W/d3Tcmn/cFTHDFkjG2SLhKRK9skxOSF1wsgtuSeP5Mm78x68Z+/lc3TMG+2skh/wXj8As9qYwQ==</latexit>

Dirac-delta form of a curve �

<latexit sha1_base64="XjMPp07BGb1QC4E5sSmJo2U9pG8=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbtJTNZbwIMeI5gHJEuYncwmY+axzMwKIeQfvHhQxKv/482/cTaJoKIFDUVVN91dUcKoNp734aysrq1vbOa28ts7u3v7hYPDlpapwqSJJZOqEyFNGBWkaahhpJMognjESDsaX2Z++54oTaW4NZOEhBwNBY0pRsZKrd4V4hz1C0XP9f1qEHjQc0vlai0oZ8SrXVQr0He9OYpgiUa/8N4bSJxyIgxmSOuu7yUmnCJlKGZklu+lmiQIj9GQdC0ViBMdTufXzuCpVQYwlsqWMHCufp+YIq71hEe2kyMz0r+9TPzL66YmDsIpFUlqiMCLRXHKoJEwex0OqCLYsIklCCtqb4V4hBTCxgaUtyF8fQr/J62S61fc85tKsR4s48iBY3ACzoAPaqAOrkEDNAEGd+ABPIFnRzqPzovzumhdcZYzR+AHnLdPynWPRA==</latexit>

Dirac-delta 2-form of a curve �

<latexit sha1_base64="XjMPp07BGb1QC4E5sSmJo2U9pG8=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbtJTNZbwIMeI5gHJEuYncwmY+axzMwKIeQfvHhQxKv/482/cTaJoKIFDUVVN91dUcKoNp734aysrq1vbOa28ts7u3v7hYPDlpapwqSJJZOqEyFNGBWkaahhpJMognjESDsaX2Z++54oTaW4NZOEhBwNBY0pRsZKrd4V4hz1C0XP9f1qEHjQc0vlai0oZ8SrXVQr0He9OYpgiUa/8N4bSJxyIgxmSOuu7yUmnCJlKGZklu+lmiQIj9GQdC0ViBMdTufXzuCpVQYwlsqWMHCufp+YIq71hEe2kyMz0r+9TPzL66YmDsIpFUlqiMCLRXHKoJEwex0OqCLYsIklCCtqb4V4hBTCxgaUtyF8fQr/J62S61fc85tKsR4s48iBY3ACzoAPaqAOrkEDNAEGd+ABPIFnRzqPzovzumhdcZYzR+AHnLdPynWPRA==</latexit>

�p : ' 7! '(p)

�� : ⌘ 7!
Z

�
⌘

<latexit sha1_base64="GNf2h3FBvmhEkAHkcToeqG983bk="></latexit>

Dirac-delta 3-form

�

<latexit sha1_base64="YuI9DQ0coQiaO0m537XwYzAfsO4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmba2o67gqAuK9gHtEPJpJk2NskMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxAzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnmFxkfueeSEUjcaunMfE5GgkaUoy0kdr9K8Q5GhRLju26Nc9zoGOXK7W6V8mIUz+vVaFrO3OUwBLNQfG9P4xwwonQmCGleq4Taz9FUlPMyKzQTxSJEZ6gEekZKhAnyk/n187giVGGMIykKaHhXP0+kSKu1JQHppMjPVa/vUz8y+slOvT8lIo40UTgxaIwYVBHMHsdDqkkWLOpIQhLam6FeIwkwtoEVDAhfH0K/yftsu1W7bObaqlxuYwjD47AMTgFLqiDBrgGTdACGNyBB/AEnq3IerRerNdFa85azhyCH7DePgHOq49S</latexit>

: a test 1-form⌘ = fdx+ gdy + hdz

<latexit sha1_base64="j2C57pflSoqJd73rlAXfRTPa300=">AAAB+3icdVDLSsNAFJ3UV62vWJduBosgFELS1jYuhIIblxXsA9pSJpNJO3TyYGYijaG/4saFIm79EXf+jZO2gooeuHA4517uvceJGBXSND+03Nr6xuZWfruws7u3f6AfFjsijDkmbRyykPccJAijAWlLKhnpRZwg32Gk60yvMr97R7igYXArk4gMfTQOqEcxkkoa6cUBkQheQs+dlcduUp649yO9ZBqWVbdtE5pGpVpv2NWMmI2Leg1ahrlACazQGunvAzfEsU8CiRkSom+ZkRymiEuKGZkXBrEgEcJTNCZ9RQPkEzFMF7fP4alSXOiFXFUg4UL9PpEiX4jEd1Snj+RE/PYy8S+vH0vPHqY0iGJJArxc5MUMyhBmQUCXcoIlSxRBmFN1K8QTxBGWKq6CCuHrU/g/6VQMq2ac39RKTXsVRx4cgxNwBizQAE1wDVqgDTCYgQfwBJ61ufaovWivy9actpo5Aj+gvX0CLQaT4w==</latexit>

2-forms as curves



Z

M
! ^ �⌃ =

Z

⌃
!

<latexit sha1_base64="+Wt5Y7p89p8amzTiYhNy9DFEqls="></latexit>

: a test 2-form! = Fdydz +Gdzdx+Hdxdy

<latexit sha1_base64="RlOL0V9Ze6S7FKj6VGP8rstLgRQ="></latexit>

Dirac-delta form of a surface ⌃

<latexit sha1_base64="DPZJioc0nWFFWUdWP/2xBBgeKck=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbtJTNZbwIvHiOYByRJmJ7PJmHksM7NCCPkHLx4U8er/ePNvnE0iqGhBQ1HVTXdXlDCqjed9OCura+sbm7mt/PbO7t5+4eCwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o7Gl5nfvidKUyluzSQhIUdDQWOKkbFSq3dDhxz1C0XP9f1qEHjQc0vlai0oZ8SrXVQr0He9OYpgiUa/8N4bSJxyIgxmSOuu7yUmnCJlKGZklu+lmiQIj9GQdC0ViBMdTufXzuCpVQYwlsqWMHCufp+YIq71hEe2kyMz0r+9TPzL66YmDsIpFUlqiMCLRXHKoJEwex0OqCLYsIklCCtqb4V4hBTCxgaUtyF8fQr/J62S61fc8+tKsR4s48iBY3ACzoAPaqAOrkADNAEGd+ABPIFnRzqPzovzumhdcZYzR+AHnLdP3+mPUg==</latexit>

Dirac-delta 3-form' 7! '(xp, yp, zp)

! 7!
Z

⌃
!

<latexit sha1_base64="fCNL5yIp/p0B7sjuPgs88Da+nsQ=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4Gmba2tZdQRCXFW0rdEq5k6ZtaJIZkoxQSrdu/BU3LhRx6x+4829MH4KKHggczrmXm3PCmDNtPO/DSS0tr6yupdczG5tb2zvZ3b2GjhJFaJ1EPFI3IWjKmaR1wwynN7GiIEJOm+HwbOo3b6nSLJLXZhTTtoC+ZD1GwFipk8VBJGgfcCAg1ibCAZOmE1yxvoC508nmPNf3S5WKhz03XyiVK4Up8cqnpSL2XW+GHFqg1sm+B92IJIJKQzho3fK92LTHoAwjnE4yQaJpDGQIfdqyVIKguj2eJZngI6t0cS9S9kmDZ+r3jTEIrUcitJMCzED/9qbiX14rMb1Ke8xknBgqyfxQL+HYRp7WgrtMUWL4yBIgitm/YjIABcTY8jK2hK+k+H/SyLt+0T25LOaq54s60ugAHaJj5KMyqqILVEN1RNAdekBP6Nm5dx6dF+d1PppyFjv76Aect08AvpqV</latexit>

Dirac-delta 2-form of a curve ��� : ⌘ 7!
Z

�
⌘

�⌃ : ! 7!
Z

⌃
!

<latexit sha1_base64="7UxzgboEyJcYvmtx32r0nt9I75c="></latexit>

Dirac-delta 1-form of a surface ⌃

<latexit sha1_base64="DPZJioc0nWFFWUdWP/2xBBgeKck=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbtJTNZbwIvHiOYByRJmJ7PJmHksM7NCCPkHLx4U8er/ePNvnE0iqGhBQ1HVTXdXlDCqjed9OCura+sbm7mt/PbO7t5+4eCwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o7Gl5nfvidKUyluzSQhIUdDQWOKkbFSq3dDhxz1C0XP9f1qEHjQc0vlai0oZ8SrXVQr0He9OYpgiUa/8N4bSJxyIgxmSOuu7yUmnCJlKGZklu+lmiQIj9GQdC0ViBMdTufXzuCpVQYwlsqWMHCufp+YIq71hEe2kyMz0r+9TPzL66YmDsIpFUlqiMCLRXHKoJEwex0OqCLYsIklCCtqb4V4hBTCxgaUtyF8fQr/J62S61fc8+tKsR4s48iBY3ACzoAPaqAOrkADNAEGd+ABPIFnRzqPzovzumhdcZYzR+AHnLdP3+mPUg==</latexit>

⌃

<latexit sha1_base64="BqxZ1ar4aSaBmZjpxzXPOLhRQuM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmba2o67giAuK9oHtEPJpJk2NskMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxAzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnmFxkfueeSEUjcaunMfE5GgkaUoy0kdr9GzriaFAsObbr1jzPgY5drtTqXiUjTv28VoWu7cxRAks0B8X3/jDCCSdCY4aU6rlOrP0USU0xI7NCP1EkRniCRqRnqECcKD+dXzuDJ0YZwjCSpoSGc/X7RIq4UlMemE6O9Fj99jLxL6+X6NDzUyriRBOBF4vChEEdwex1OKSSYM2mhiAsqbkV4jGSCGsTUMGE8PUp/J+0y7Zbtc+uq6XG5TKOPDgCx+AUuKAOGuAKNEELYHAHHsATeLYi69F6sV4XrTlrOXMIfsB6+wTkH49g</latexit>

: a test 2-form! = Fdydz +Gdzdx+Hdxdy

<latexit sha1_base64="RlOL0V9Ze6S7FKj6VGP8rstLgRQ="></latexit>

1-forms as surfaces



Variable  

Constraint  

Objective 

⌃

<latexit sha1_base64="fyv6Mu39TlV19jqveRuNK/Uctz0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmba2o67ghvdVbQPaIeSSTNtbJIZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3niBmVGnH+bByK6tr6xv5zcLW9s7uXnH/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLnI/M49kYpG4lZPY+JzNBI0pBhpI7X7N3TE0aBYcmzXrXmeAx27XKnVvUpGnPp5rQpd25mjBJZoDorv/WGEE06Exgwp1XOdWPspkppiRmaFfqJIjPAEjUjPUIE4UX46v3YGT4wyhGEkTQkN5+r3iRRxpaY8MJ0c6bH67WXiX14v0aHnp1TEiSYCLxaFCYM6gtnrcEglwZpNDUFYUnMrxGMkEdYmoIIJ4etT+D9pl223ap9dV0uNq2UceXAEjsEpcEEdNMAlaIIWwOAOPIAn8GxF1qP1Yr0uWnPWcuYQ/ID19gnlBo9j</latexit>

@⌃ = �

<latexit sha1_base64="pZ/zRil9tLp6sjsylGXPilUxpzU=">AAACAXicdVBNS8NAEN3U7/oV9SJ4WSyCp5DU2saDUPCg3ipaFZpQJtttu7ibhN2NUIpe/CtePCji1X/hzX/jplZQ0QcDj/dmdmdelHKmtOu+W4WJyanpmdm54vzC4tKyvbJ6rpJMEtokCU/kZQSKchbTpmaa08tUUhARpxfR1UHuX1xTqVgSn+lBSkMBvZh1GQFtpLa9HqQgNQOOg1PWE4D3cXAIQkDbLrmO51V938WuU96p1vydnLi1vWoFe447QgmN0Wjbb0EnIZmgsSYclGp5bqrDYf464fSmGGSKpkCuoEdbhsYgqAqHowtu8JZROribSFOxxiP1+8QQhFIDEZlOAbqvfnu5+JfXynTXD4csTjNNY/L5UTfjWCc4jwN3mKRE84EhQCQzu2LSBwlEm9CKJoSvS/H/5LzseBVn96RSqh+P45hFG2gTbSMP1VAdHaEGaiKCbtE9ekRP1p31YD1bL5+tBWs8s4Z+wHr9AKfZlm0=</latexit>

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

a given space curve

Plateau problem
(the problem of minimal surfaces)



Variable  

Constraint  

Objective 

@⌃ = �

<latexit sha1_base64="pZ/zRil9tLp6sjsylGXPilUxpzU=">AAACAXicdVBNS8NAEN3U7/oV9SJ4WSyCp5DU2saDUPCg3ipaFZpQJtttu7ibhN2NUIpe/CtePCji1X/hzX/jplZQ0QcDj/dmdmdelHKmtOu+W4WJyanpmdm54vzC4tKyvbJ6rpJMEtokCU/kZQSKchbTpmaa08tUUhARpxfR1UHuX1xTqVgSn+lBSkMBvZh1GQFtpLa9HqQgNQOOg1PWE4D3cXAIQkDbLrmO51V938WuU96p1vydnLi1vWoFe447QgmN0Wjbb0EnIZmgsSYclGp5bqrDYf464fSmGGSKpkCuoEdbhsYgqAqHowtu8JZROribSFOxxiP1+8QQhFIDEZlOAbqvfnu5+JfXynTXD4csTjNNY/L5UTfjWCc4jwN3mKRE84EhQCQzu2LSBwlEm9CKJoSvS/H/5LzseBVn96RSqh+P45hFG2gTbSMP1VAdHaEGaiKCbtE9ekRP1p31YD1bL5+tBWs8s4Z+wHr9AKfZlm0=</latexit>

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

a given space curve

�⌃

<latexit sha1_base64="Lux9Q8mKvO8pdsQ1hZOjbto7+6I=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQtLWNu4KgrisaB/QhDKZTNqhk0mcmRRK6He4caGIWz/GnX/jpK2gogcuHM65l3vv8RNGpbKsD2NldW19Y7OwVdze2d3bLx0cdmScCkzaOGax6PlIEkY5aSuqGOklgqDIZ6Trjy9zvzshQtKY36lpQrwIDTkNKUZKS54bEKbQwL2lwwgNSmXLtO2641jQMivVesOp5sRqXNRr0DatOcpgidag9O4GMU4jwhVmSMq+bSXKy5BQFDMyK7qpJAnCYzQkfU05ioj0svnRM3iqlQCGsdDFFZyr3ycyFEk5jXzdGSE1kr+9XPzL66cqdLyM8iRVhOPFojBlUMUwTwAGVBCs2FQThAXVt0I8QgJhpXMq6hC+PoX/k07FtGvm+U2t3LxaxlEAx+AEnAEbNEATXIMWaAMM7sEDeALPxsR4NF6M10XrirGcOQI/YLx9AjKUkms=</latexit>

Plateau problem
(the problem of minimal surfaces)



@

<latexit sha1_base64="HabtA3gXd2qZ2riTXmJVb88KEoM=">AAAB73icdVDLSgMxFL3js9ZX1aWbYBFcDTNtbcddwY3LCvYB7VAzaaYNzWTGJCOU0p9w40IRt/6OO//GTFtBRQ8EDufce3PvCRLOlHacD2tldW19YzO3ld/e2d3bLxwctlScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjC8zv31PpWKxuNGThPoRHgoWMoK1kTq9BEvNMO8Xio7tulXPc5Bjl8rVmlfOiFO7qFaQaztzFGGJRr/w3hvEJI2o0IRjpbquk2h/mk0jnM7yvVTRBJMxHtKuoQJHVPnT+b4zdGqUAQpjaZ7QaK5+75jiSKlJFJjKCOuR+u1l4l9eN9Wh50+ZSFJNBVl8FKYc6Rhlx6MBk5RoPjEEE8nMroiMsMREm4jyJoSvS9H/pFWy3Yp9fl0p1m+XceTgGE7gDFyoQR2uoAFNIMDhAZ7g2bqzHq0X63VRumIte47gB6y3T7mvkIo=</latexit>

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

@⌃ = �

<latexit sha1_base64="pZ/zRil9tLp6sjsylGXPilUxpzU=">AAACAXicdVBNS8NAEN3U7/oV9SJ4WSyCp5DU2saDUPCg3ipaFZpQJtttu7ibhN2NUIpe/CtePCji1X/hzX/jplZQ0QcDj/dmdmdelHKmtOu+W4WJyanpmdm54vzC4tKyvbJ6rpJMEtokCU/kZQSKchbTpmaa08tUUhARpxfR1UHuX1xTqVgSn+lBSkMBvZh1GQFtpLa9HqQgNQOOg1PWE4D3cXAIQkDbLrmO51V938WuU96p1vydnLi1vWoFe447QgmN0Wjbb0EnIZmgsSYclGp5bqrDYf464fSmGGSKpkCuoEdbhsYgqAqHowtu8JZROribSFOxxiP1+8QQhFIDEZlOAbqvfnu5+JfXynTXD4csTjNNY/L5UTfjWCc4jwN3mKRE84EhQCQzu2LSBwlEm9CKJoSvS/H/5LzseBVn96RSqh+P45hFG2gTbSMP1VAdHaEGaiKCbtE9ekRP1p31YD1bL5+tBWs8s4Z+wHr9AKfZlm0=</latexit>

the boundary constraint



=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

d

<latexit sha1_base64="FnEikTlX6fnJaoeLuYyH8H28Rl8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LFuwD2qFmMpk2NpMZkoxQSr/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7j59wpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVScSkLbJOax7PlYUc4EbWumOe0lkuLI57TrT64yv3tPpWKxuNHThHoRHgkWMoK1kVrBsFhCtuPUXBdBZJcrtbpbyQiqX9aq0LHRAiWwQnNYfB8EMUkjKjThWKm+gxLtzbDUjHA6LwxSRRNMJnhE+4YKHFHlzRaHzuGZUQIYxtKU0HChfp+Y4UipaeSbzgjrsfrtZeJfXj/VoevNmEhSTQVZLgpTDnUMs69hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadqX7SqpcbtKo48OAGn4Bw4oA4a4Bo0QRsQQMEDeALP1p31aL1Yr8vWnLWaOQY/YL19AkiKjV8=</latexit>

@⌃ = �
d�⌃ = ��

<latexit sha1_base64="okuIUbJS76bEeoAYOA5+94qimdk=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFAR1WdE+oC3lTiZtQ5OZIckIpXTnxl9x40IRt/6CO//G9AUqeuDCyTn3knuPF3GmtON8WguLS8srq4m15PrG5tZ2ame3qsJYElohIQ9l3QNFOQtoRTPNaT2SFITHac3rn4/92h2VioXBrR5EtCWgG7AOI6CN1E4d+E2fcg3t5g3rCsBneP6+BCGgnUo7tuvmi0UHO3Ymmy8Us2PiFE7zOezazgRpNEO5nfpo+iGJBQ004aBUw3Ui3RqC1IxwOko2Y0UjIH3o0oahAQiqWsPJHSN8ZBQfd0JpKtB4on6fGIJQaiA80ylA99Rvbyz+5TVi3Sm2hiyIYk0DMv2oE3OsQzwOBftMUqL5wBAgkpldMemBBKJNdEkTwvxS/D+pZmw3Z59c59Kli1kcCbSPDtExclEBldAVKqMKIugePaJn9GI9WE/Wq/U2bV2wZjN76Aes9y+TJZkr</latexit>

the boundary constraint



• Stokes’ Theorem 

• In other words, �@N [⌫] = �N � d[⌫]

Z

@N
⌫ =

Z

N
d⌫

<latexit sha1_base64="ZzHtDV54SI3yG6w+eFQGLEgpHhA="></latexit>

d�⌃ = ��

<latexit sha1_base64="okuIUbJS76bEeoAYOA5+94qimdk=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFAR1WdE+oC3lTiZtQ5OZIckIpXTnxl9x40IRt/6CO//G9AUqeuDCyTn3knuPF3GmtON8WguLS8srq4m15PrG5tZ2ame3qsJYElohIQ9l3QNFOQtoRTPNaT2SFITHac3rn4/92h2VioXBrR5EtCWgG7AOI6CN1E4d+E2fcg3t5g3rCsBneP6+BCGgnUo7tuvmi0UHO3Ymmy8Us2PiFE7zOezazgRpNEO5nfpo+iGJBQ004aBUw3Ui3RqC1IxwOko2Y0UjIH3o0oahAQiqWsPJHSN8ZBQfd0JpKtB4on6fGIJQaiA80ylA99Rvbyz+5TVi3Sm2hiyIYk0DMv2oE3OsQzwOBftMUqL5wBAgkpldMemBBKJNdEkTwvxS/D+pZmw3Z59c59Kli1kcCbSPDtExclEBldAVKqMKIugePaJn9GI9WE/Wq/U2bV2wZjN76Aes9y+TJZkr</latexit>

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

d

<latexit sha1_base64="FnEikTlX6fnJaoeLuYyH8H28Rl8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LFuwD2qFmMpk2NpMZkoxQSr/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7j59wpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVScSkLbJOax7PlYUc4EbWumOe0lkuLI57TrT64yv3tPpWKxuNHThHoRHgkWMoK1kVrBsFhCtuPUXBdBZJcrtbpbyQiqX9aq0LHRAiWwQnNYfB8EMUkjKjThWKm+gxLtzbDUjHA6LwxSRRNMJnhE+4YKHFHlzRaHzuGZUQIYxtKU0HChfp+Y4UipaeSbzgjrsfrtZeJfXj/VoevNmEhSTQVZLgpTDnUMs69hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadqX7SqpcbtKo48OAGn4Bw4oA4a4Bo0QRsQQMEDeALP1p31aL1Yr8vWnLWaOQY/YL19AkiKjV8=</latexit>

�@N [⌫] = �N � d[⌫]

<latexit sha1_base64="1LU8BIod+3VU5EdYr9oEdZ19YSs="></latexit>

the boundary constraint

@⌃ = �



8' 2 C1,

Z
'f 0 =

I
'f �

Z
'0f

<latexit sha1_base64="ccCvhfKZoq6e8SwqyPDWapg1tf4="></latexit>

• is the weak derivative of  if  f 0 f

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

d

<latexit sha1_base64="FnEikTlX6fnJaoeLuYyH8H28Rl8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LFuwD2qFmMpk2NpMZkoxQSr/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7j59wpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVScSkLbJOax7PlYUc4EbWumOe0lkuLI57TrT64yv3tPpWKxuNHThHoRHgkWMoK1kVrBsFhCtuPUXBdBZJcrtbpbyQiqX9aq0LHRAiWwQnNYfB8EMUkjKjThWKm+gxLtzbDUjHA6LwxSRRNMJnhE+4YKHFHlzRaHzuGZUQIYxtKU0HChfp+Y4UipaeSbzgjrsfrtZeJfXj/VoevNmEhSTQVZLgpTDnUMs69hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadqX7SqpcbtKo48OAGn4Bw4oA4a4Bo0QRsQQMEDeALP1p31aL1Yr8vWnLWaOQY/YL19AkiKjV8=</latexit>

d�⌃ = ��

<latexit sha1_base64="okuIUbJS76bEeoAYOA5+94qimdk=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFAR1WdE+oC3lTiZtQ5OZIckIpXTnxl9x40IRt/6CO//G9AUqeuDCyTn3knuPF3GmtON8WguLS8srq4m15PrG5tZ2ame3qsJYElohIQ9l3QNFOQtoRTPNaT2SFITHac3rn4/92h2VioXBrR5EtCWgG7AOI6CN1E4d+E2fcg3t5g3rCsBneP6+BCGgnUo7tuvmi0UHO3Ymmy8Us2PiFE7zOezazgRpNEO5nfpo+iGJBQ004aBUw3Ui3RqC1IxwOko2Y0UjIH3o0oahAQiqWsPJHSN8ZBQfd0JpKtB4on6fGIJQaiA80ylA99Rvbyz+5TVi3Sm2hiyIYk0DMv2oE3OsQzwOBftMUqL5wBAgkpldMemBBKJNdEkTwvxS/D+pZmw3Z59c59Kli1kcCbSPDtExclEBldAVKqMKIugePaJn9GI9WE/Wq/U2bV2wZjN76Aes9y+TJZkr</latexit>

the boundary constraint

@⌃ = �

f 0

<latexit sha1_base64="Ywu5Tj5ADbuoiwHQb5joqng5OTM=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK6GjJtbcddwY3uqtgHtEPJpJk2NJMZkoxQhv6BGxeKuPWP3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaenMfVCPBIsYARrI90Gp4NiCdmOU3NdBJFdrtTqbiUjqH5Rq0LHRnOUwBLNQfG9P4xIElKhCcdK9RwUay/FUjPC6azQTxSNMZngEe0ZKnBIlZfOL53BE6MMYRBJU0LDufp9IsWhUtPQN50h1mP128vEv7xeogPXS5mIE00FWSwKEg51BLO34ZBJSjSfGoKJZOZWSMZYYqJNOAUTwten8H/SLttO1T6/qZYa18s48uAIHIMz4IA6aIAr0AQtQEAAHsATeLYm1qP1Yr0uWnPWcuYQ/ID19gmlDY17</latexit>

f

<latexit sha1_base64="Buvg6L1aY8TsckylhHWl1+vXxv8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmoFw2IJ2Y5Tc10EkV2u1OpuJSOoflmrQsdGC5TACs1h8X0wikgSUqEJx0r1HRRrL8VSM8LpvDBIFI0xmeIx7RsqcEiVly4OncMzo4xgEElTQsOF+n0ixaFSs9A3nSHWE/Xby8S/vH6iA9dLmYgTTQVZLgoSDnUEs6/hiElKNJ8Zgolk5lZIJlhiok02BRPC16fwf9Ip207VvmhVS42bVRx5cAJOwTlwQB00wDVogjYggIIH8ASerTvr0XqxXpetOWs1cwx+wHr7BESnjUo=</latexit>



8' 2 C1,

Z
'f 0 =

I
'f �

Z
'0f

<latexit sha1_base64="ccCvhfKZoq6e8SwqyPDWapg1tf4="></latexit>

• is the weak derivative of  if  f 0 f

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

d

<latexit sha1_base64="FnEikTlX6fnJaoeLuYyH8H28Rl8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LFuwD2qFmMpk2NpMZkoxQSr/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7j59wpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVScSkLbJOax7PlYUc4EbWumOe0lkuLI57TrT64yv3tPpWKxuNHThHoRHgkWMoK1kVrBsFhCtuPUXBdBZJcrtbpbyQiqX9aq0LHRAiWwQnNYfB8EMUkjKjThWKm+gxLtzbDUjHA6LwxSRRNMJnhE+4YKHFHlzRaHzuGZUQIYxtKU0HChfp+Y4UipaeSbzgjrsfrtZeJfXj/VoevNmEhSTQVZLgpTDnUMs69hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadqX7SqpcbtKo48OAGn4Bw4oA4a4Bo0QRsQQMEDeALP1p31aL1Yr8vWnLWaOQY/YL19AkiKjV8=</latexit>

d�⌃ = ��

<latexit sha1_base64="okuIUbJS76bEeoAYOA5+94qimdk=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFAR1WdE+oC3lTiZtQ5OZIckIpXTnxl9x40IRt/6CO//G9AUqeuDCyTn3knuPF3GmtON8WguLS8srq4m15PrG5tZ2ame3qsJYElohIQ9l3QNFOQtoRTPNaT2SFITHac3rn4/92h2VioXBrR5EtCWgG7AOI6CN1E4d+E2fcg3t5g3rCsBneP6+BCGgnUo7tuvmi0UHO3Ymmy8Us2PiFE7zOezazgRpNEO5nfpo+iGJBQ004aBUw3Ui3RqC1IxwOko2Y0UjIH3o0oahAQiqWsPJHSN8ZBQfd0JpKtB4on6fGIJQaiA80ylA99Rvbyz+5TVi3Sm2hiyIYk0DMv2oE3OsQzwOBftMUqL5wBAgkpldMemBBKJNdEkTwvxS/D+pZmw3Z59c59Kli1kcCbSPDtExclEBldAVKqMKIugePaJn9GI9WE/Wq/U2bV2wZjN76Aes9y+TJZkr</latexit>

the boundary constraint

@⌃ = �

f 0

<latexit sha1_base64="Ywu5Tj5ADbuoiwHQb5joqng5OTM=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK6GjJtbcddwY3uqtgHtEPJpJk2NJMZkoxQhv6BGxeKuPWP3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xmfueeSsUicaenMfVCPBIsYARrI90Gp4NiCdmOU3NdBJFdrtTqbiUjqH5Rq0LHRnOUwBLNQfG9P4xIElKhCcdK9RwUay/FUjPC6azQTxSNMZngEe0ZKnBIlZfOL53BE6MMYRBJU0LDufp9IsWhUtPQN50h1mP128vEv7xeogPXS5mIE00FWSwKEg51BLO34ZBJSjSfGoKJZOZWSMZYYqJNOAUTwten8H/SLttO1T6/qZYa18s48uAIHIMz4IA6aIAr0AQtQEAAHsATeLYm1qP1Yr0uWnPWcuYQ/ID19gmlDY17</latexit>

f

<latexit sha1_base64="Buvg6L1aY8TsckylhHWl1+vXxv8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uWrAPaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvzLQVVPTAhcM593LvPX7MmdIIfVi5tfWNza38dmFnd2//oHh41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP73K/O49lYpF4lbPYuqFeCxYwAjWRmoFw2IJ2Y5Tc10EkV2u1OpuJSOoflmrQsdGC5TACs1h8X0wikgSUqEJx0r1HRRrL8VSM8LpvDBIFI0xmeIx7RsqcEiVly4OncMzo4xgEElTQsOF+n0ixaFSs9A3nSHWE/Xby8S/vH6iA9dLmYgTTQVZLgoSDnUEs6/hiElKNJ8Zgolk5lZIJlhiok02BRPC16fwf9Ip207VvmhVS42bVRx5cAJOwTlwQB00wDVogjYggIIH8ASerTvr0XqxXpetOWs1cwx+wHr7BESnjUo=</latexit>

•  is the weak derivative of  if d⌘ ⌘ 2 ⌦n�k

8! 2 C1⌦k�1(M), (�1)k�1

Z

M
! ^ d⌘ =

I

@M
! ^ ⌘ �

Z

M
d! ^ ⌘

<latexit sha1_base64="frDe0NAB9JjT4D1JFFfrzAUqmMk="></latexit>

d⌘

<latexit sha1_base64="SUca6CbJYAfTRLFrOuDuKt4usaM=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU9i0tY23ghe9VTBtoQ1ls9m0SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeUHKmdIIfViFtfWNza3idmlnd2//oHx41FFJJgn1SMIT2QuwopwJ6mmmOe2lkuI44LQbTK5yv3tPpWKJuNPTlPoxHgkWMYK1kbxwQDUelivIdpyG6yKI7Gqt0XRrOUHNy0YdOjZaoAJWaA/L74MwIVlMhSYcK9V3UKr9GZaaEU7npUGmaIrJBI9o31CBY6r82eLYOTwzSgijRJoSGi7U7xMzHCs1jQPTGWM9Vr+9XPzL62c6cv0ZE2mmqSDLRVHGoU5g/jkMmaRE86khmEhmboVkjCUm2uRTMiF8fQr/J52q7dTti9t6pXWziqMITsApOAcOaIIWuAZt4AECGHgAT+DZEtaj9WK9LlsL1mrmGPyA9fYJQKKPBg==</latexit>

an arbitrary smooth (k-1) form

⌘ 2 ⌦n�k

<latexit sha1_base64="g2hH4aOJ9AlPxeoA2YaTTTXBehA=">AAAB/nicdVDLSgNBEJz1GeMrKp68DAbBi8tuEpN4C3jRkxHMA7IxzE46yZDZ2WVmVghLwF/x4kERr36HN//GyUNQ0YKGoqqb7i4/4kxpx/mwFhaXlldWU2vp9Y3Nre3Mzm5dhbGkUKMhD2XTJwo4E1DTTHNoRhJI4HNo+MPzid+4A6lYKG70KIJ2QPqC9Rgl2kidzL4HmmCPCexdBdAnt4k4GY47maxju26xXHawY+fyxVI5PyFO6axYwK7tTJFFc1Q7mXevG9I4AKEpJ0q1XCfS7YRIzSiHcdqLFUSEDkkfWoYKEoBqJ9Pzx/jIKF3cC6UpofFU/T6RkECpUeCbzoDogfrtTcS/vFase+V2wkQUaxB0tqgXc6xDPMkCd5kEqvnIEEIlM7diOiCSUG0SS5sQvj7F/5N6znYL9ul1IVu5nMeRQgfoEB0jF5VQBV2gKqohihL0gJ7Qs3VvPVov1uusdcGaz+yhH7DePgHus5WH</latexit>



•  is the weak derivative of  if d⌘ ⌘ 2 ⌦n�k

8! 2 C1⌦k�1(M), (�1)k�1

Z

M
! ^ d⌘ =

I

@M
! ^ ⌘ �

Z

M
d! ^ ⌘

<latexit sha1_base64="frDe0NAB9JjT4D1JFFfrzAUqmMk="></latexit>

d⌘

<latexit sha1_base64="SUca6CbJYAfTRLFrOuDuKt4usaM=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU9i0tY23ghe9VTBtoQ1ls9m0SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeUHKmdIIfViFtfWNza3idmlnd2//oHx41FFJJgn1SMIT2QuwopwJ6mmmOe2lkuI44LQbTK5yv3tPpWKJuNPTlPoxHgkWMYK1kbxwQDUelivIdpyG6yKI7Gqt0XRrOUHNy0YdOjZaoAJWaA/L74MwIVlMhSYcK9V3UKr9GZaaEU7npUGmaIrJBI9o31CBY6r82eLYOTwzSgijRJoSGi7U7xMzHCs1jQPTGWM9Vr+9XPzL62c6cv0ZE2mmqSDLRVHGoU5g/jkMmaRE86khmEhmboVkjCUm2uRTMiF8fQr/J52q7dTti9t6pXWziqMITsApOAcOaIIWuAZt4AECGHgAT+DZEtaj9WK9LlsL1mrmGPyA9fYJQKKPBg==</latexit>

an arbitrary smooth (k-1) form

(�1)
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<latexit sha1_base64="/fKhq3Zhd4+2DulrRh9TGzMyP5w="></latexit>

• For Dirac-delta 1-form , ⌘ = �⌃⌘ = �⌃

<latexit sha1_base64="R/FoRA7sYcOwtSSNbFLkJYLozRU=">AAAB/XicdVDLSgNBEJz1bXzFx83LYBA8Lbsak3gQAl70FtGokA2hd9KJg7MPZnqFGMRf8eJBEa/+hzf/xkmMoKIFDUVVN91dYaqkIc97d8bGJyanpmdmc3PzC4tL+eWVM5NkWmBdJCrRFyEYVDLGOklSeJFqhChUeB5eHQz882vURibxKfVSbEbQjWVHCiArtfJrARLwfR60URG0ghPZjaCVL3iu75cqFY977vZOqVzZGRCvvFcqct/1hiiwEWqt/FvQTkQWYUxCgTEN30up2QdNUii8zQWZwRTEFXSxYWkMEZpmf3j9Ld+0Spt3Em0rJj5Uv0/0ITKmF4W2MwK6NL+9gfiX18ioU2n2ZZxmhLH4XNTJFKeED6LgbalRkOpZAkJLeysXl6BBkA0sZ0P4+pT/T862Xb/o7h4XC9WjURwzbJ1tsC3mszKrskNWY3Um2A27Z4/syblzHpxn5+WzdcwZzayyH3BePwD2aZT4</latexit>

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

d

<latexit sha1_base64="FnEikTlX6fnJaoeLuYyH8H28Rl8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LFuwD2qFmMpk2NpMZkoxQSr/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7j59wpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVScSkLbJOax7PlYUc4EbWumOe0lkuLI57TrT64yv3tPpWKxuNHThHoRHgkWMoK1kVrBsFhCtuPUXBdBZJcrtbpbyQiqX9aq0LHRAiWwQnNYfB8EMUkjKjThWKm+gxLtzbDUjHA6LwxSRRNMJnhE+4YKHFHlzRaHzuGZUQIYxtKU0HChfp+Y4UipaeSbzgjrsfrtZeJfXj/VoevNmEhSTQVZLgpTDnUMs69hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadqX7SqpcbtKo48OAGn4Bw4oA4a4Bo0QRsQQMEDeALP1p31aL1Yr8vWnLWaOQY/YL19AkiKjV8=</latexit>

d�⌃ = ��

<latexit sha1_base64="okuIUbJS76bEeoAYOA5+94qimdk=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFAR1WdE+oC3lTiZtQ5OZIckIpXTnxl9x40IRt/6CO//G9AUqeuDCyTn3knuPF3GmtON8WguLS8srq4m15PrG5tZ2ame3qsJYElohIQ9l3QNFOQtoRTPNaT2SFITHac3rn4/92h2VioXBrR5EtCWgG7AOI6CN1E4d+E2fcg3t5g3rCsBneP6+BCGgnUo7tuvmi0UHO3Ymmy8Us2PiFE7zOezazgRpNEO5nfpo+iGJBQ004aBUw3Ui3RqC1IxwOko2Y0UjIH3o0oahAQiqWsPJHSN8ZBQfd0JpKtB4on6fGIJQaiA80ylA99Rvbyz+5TVi3Sm2hiyIYk0DMv2oE3OsQzwOBftMUqL5wBAgkpldMemBBKJNdEkTwvxS/D+pZmw3Z59c59Kli1kcCbSPDtExclEBldAVKqMKIugePaJn9GI9WE/Wq/U2bV2wZjN76Aes9y+TJZkr</latexit>

the boundary constraint

@⌃ = �

⌘ 2 ⌦n�k

<latexit sha1_base64="g2hH4aOJ9AlPxeoA2YaTTTXBehA=">AAAB/nicdVDLSgNBEJz1GeMrKp68DAbBi8tuEpN4C3jRkxHMA7IxzE46yZDZ2WVmVghLwF/x4kERr36HN//GyUNQ0YKGoqqb7i4/4kxpx/mwFhaXlldWU2vp9Y3Nre3Mzm5dhbGkUKMhD2XTJwo4E1DTTHNoRhJI4HNo+MPzid+4A6lYKG70KIJ2QPqC9Rgl2kidzL4HmmCPCexdBdAnt4k4GY47maxju26xXHawY+fyxVI5PyFO6axYwK7tTJFFc1Q7mXevG9I4AKEpJ0q1XCfS7YRIzSiHcdqLFUSEDkkfWoYKEoBqJ9Pzx/jIKF3cC6UpofFU/T6RkECpUeCbzoDogfrtTcS/vFase+V2wkQUaxB0tqgXc6xDPMkCd5kEqvnIEEIlM7diOiCSUG0SS5sQvj7F/5N6znYL9ul1IVu5nMeRQgfoEB0jF5VQBV2gKqohihL0gJ7Qs3VvPVov1uusdcGaz+yhH7DePgHus5WH</latexit>



Variable  

Constraint  

Objective 

@⌃ = �

<latexit sha1_base64="pZ/zRil9tLp6sjsylGXPilUxpzU=">AAACAXicdVBNS8NAEN3U7/oV9SJ4WSyCp5DU2saDUPCg3ipaFZpQJtttu7ibhN2NUIpe/CtePCji1X/hzX/jplZQ0QcDj/dmdmdelHKmtOu+W4WJyanpmdm54vzC4tKyvbJ6rpJMEtokCU/kZQSKchbTpmaa08tUUhARpxfR1UHuX1xTqVgSn+lBSkMBvZh1GQFtpLa9HqQgNQOOg1PWE4D3cXAIQkDbLrmO51V938WuU96p1vydnLi1vWoFe447QgmN0Wjbb0EnIZmgsSYclGp5bqrDYf464fSmGGSKpkCuoEdbhsYgqAqHowtu8JZROribSFOxxiP1+8QQhFIDEZlOAbqvfnu5+JfXynTXD4csTjNNY/L5UTfjWCc4jwN3mKRE84EhQCQzu2LSBwlEm9CKJoSvS/H/5LzseBVn96RSqh+P45hFG2gTbSMP1VAdHaEGaiKCbtE9ekRP1p31YD1bL5+tBWs8s4Z+wHr9AKfZlm0=</latexit>

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

a given space curve

�⌃

<latexit sha1_base64="Lux9Q8mKvO8pdsQ1hZOjbto7+6I=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQtLWNu4KgrisaB/QhDKZTNqhk0mcmRRK6He4caGIWz/GnX/jpK2gogcuHM65l3vv8RNGpbKsD2NldW19Y7OwVdze2d3bLx0cdmScCkzaOGax6PlIEkY5aSuqGOklgqDIZ6Trjy9zvzshQtKY36lpQrwIDTkNKUZKS54bEKbQwL2lwwgNSmXLtO2641jQMivVesOp5sRqXNRr0DatOcpgidag9O4GMU4jwhVmSMq+bSXKy5BQFDMyK7qpJAnCYzQkfU05ioj0svnRM3iqlQCGsdDFFZyr3ycyFEk5jXzdGSE1kr+9XPzL66cqdLyM8iRVhOPFojBlUMUwTwAGVBCs2FQThAXVt0I8QgJhpXMq6hC+PoX/k07FtGvm+U2t3LxaxlEAx+AEnAEbNEATXIMWaAMM7sEDeALPxsR4NF6M10XrirGcOQI/YLx9AjKUkms=</latexit>

Plateau problem
(the problem of minimal surfaces)

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

d

<latexit sha1_base64="FnEikTlX6fnJaoeLuYyH8H28Rl8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LFuwD2qFmMpk2NpMZkoxQSr/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7j59wpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVScSkLbJOax7PlYUc4EbWumOe0lkuLI57TrT64yv3tPpWKxuNHThHoRHgkWMoK1kVrBsFhCtuPUXBdBZJcrtbpbyQiqX9aq0LHRAiWwQnNYfB8EMUkjKjThWKm+gxLtzbDUjHA6LwxSRRNMJnhE+4YKHFHlzRaHzuGZUQIYxtKU0HChfp+Y4UipaeSbzgjrsfrtZeJfXj/VoevNmEhSTQVZLgpTDnUMs69hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadqX7SqpcbtKo48OAGn4Bw4oA4a4Bo0QRsQQMEDeALP1p31aL1Yr8vWnLWaOQY/YL19AkiKjV8=</latexit>



Variable  

Constraint  

Objective Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

a given space curve

�⌃

<latexit sha1_base64="Lux9Q8mKvO8pdsQ1hZOjbto7+6I=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQtLWNu4KgrisaB/QhDKZTNqhk0mcmRRK6He4caGIWz/GnX/jpK2gogcuHM65l3vv8RNGpbKsD2NldW19Y7OwVdze2d3bLx0cdmScCkzaOGax6PlIEkY5aSuqGOklgqDIZ6Trjy9zvzshQtKY36lpQrwIDTkNKUZKS54bEKbQwL2lwwgNSmXLtO2641jQMivVesOp5sRqXNRr0DatOcpgidag9O4GMU4jwhVmSMq+bSXKy5BQFDMyK7qpJAnCYzQkfU05ioj0svnRM3iqlQCGsdDFFZyr3ycyFEk5jXzdGSE1kr+9XPzL66cqdLyM8iRVhOPFojBlUMUwTwAGVBCs2FQThAXVt0I8QgJhpXMq6hC+PoX/k07FtGvm+U2t3LxaxlEAx+AEnAEbNEATXIMWaAMM7sEDeALPxsR4NF6M10XrirGcOQI/YLx9AjKUkms=</latexit>

Plateau problem
(the problem of minimal surfaces)

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

d

<latexit sha1_base64="FnEikTlX6fnJaoeLuYyH8H28Rl8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LFuwD2qFmMpk2NpMZkoxQSr/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7j59wpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVScSkLbJOax7PlYUc4EbWumOe0lkuLI57TrT64yv3tPpWKxuNHThHoRHgkWMoK1kVrBsFhCtuPUXBdBZJcrtbpbyQiqX9aq0LHRAiWwQnNYfB8EMUkjKjThWKm+gxLtzbDUjHA6LwxSRRNMJnhE+4YKHFHlzRaHzuGZUQIYxtKU0HChfp+Y4UipaeSbzgjrsfrtZeJfXj/VoevNmEhSTQVZLgpTDnUMs69hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadqX7SqpcbtKo48OAGn4Bw4oA4a4Bo0QRsQQMEDeALP1p31aL1Yr8vWnLWaOQY/YL19AkiKjV8=</latexit>

d�⌃ = ��

<latexit sha1_base64="okuIUbJS76bEeoAYOA5+94qimdk=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFAR1WdE+oC3lTiZtQ5OZIckIpXTnxl9x40IRt/6CO//G9AUqeuDCyTn3knuPF3GmtON8WguLS8srq4m15PrG5tZ2ame3qsJYElohIQ9l3QNFOQtoRTPNaT2SFITHac3rn4/92h2VioXBrR5EtCWgG7AOI6CN1E4d+E2fcg3t5g3rCsBneP6+BCGgnUo7tuvmi0UHO3Ymmy8Us2PiFE7zOezazgRpNEO5nfpo+iGJBQ004aBUw3Ui3RqC1IxwOko2Y0UjIH3o0oahAQiqWsPJHSN8ZBQfd0JpKtB4on6fGIJQaiA80ylA99Rvbyz+5TVi3Sm2hiyIYk0DMv2oE3OsQzwOBftMUqL5wBAgkpldMemBBKJNdEkTwvxS/D+pZmw3Z59c59Kli1kcCbSPDtExclEBldAVKqMKIugePaJn9GI9WE/Wq/U2bV2wZjN76Aes9y+TJZkr</latexit>



the area functional

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

Area(

<latexit sha1_base64="e7qOtahWEv7+/iTste8oOMdgJ9k=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0NWTa2o67ihuXFewDpkPNpGkbmpkMSUYoQz/DjQtF3Po17vwbM20FFT0QOJxzD7n3BDFnSiP0YeXW1jc2t/LbhZ3dvf2D4uFRR4lEEtomggvZC7CinEW0rZnmtBdLisOA024wvcr87j2VionoVs9i6od4HLERI1gbyUv7MoSXJjAvD4olZDtO3XURRHalWm+41YygxkW9Bh0bLVACK7QGxff+UJAkpJEmHCvlOSjWfoqlZoTTeaGfKBpjMsVj6hka4ZAqP12sPIdnRhnCkZDmRRou1O+JFIdKzcLATIZYT9RvLxP/8rxEj1w/ZVGcaBqR5UejhEMtYHY/HDJJieYzQzCRzOwKyQRLTLRpqWBK+LoU/k86Fdup2ec3tVLzblVHHpyAU1AGDmiAJrgGLdAGBAjwAJ7As6WtR+vFel2O5qxV5hj8gPX2CTVFkVM=</latexit>

)

<latexit sha1_base64="pFMXQwyEGSmD9YLgEU5OEP7WqgE=">AAAB6HicdVDLSgMxFM34rPVVdekmWATdDJm2tuOu4MZlC/YB7VAzaaaNzWSGJCOUoV/gxoUibv0kd/6NmbaCih64cDjnXu69x485UxqhD2tldW19YzO3ld/e2d3bLxwctlWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT64yv3NPpWKRuNHTmHohHgkWMIK1kZrng0IR2Y5TdV0EkV0qV2tuOSOodlmtQMdGcxTBEo1B4b0/jEgSUqEJx0r1HBRrL8VSM8LpLN9PFI0xmeAR7RkqcEiVl84PncFTowxhEElTQsO5+n0ixaFS09A3nSHWY/Xby8S/vF6iA9dLmYgTTQVZLAoSDnUEs6/hkElKNJ8agolk5lZIxlhiok02eRPC16fwf9Iu2U7FvmhWivXbZRw5cAxOwBlwQA3UwTVogBYggIIH8ASerTvr0XqxXhetK9Zy5gj8gPX2Ce8PjSQ=</latexit>



the area functional

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

Area(

<latexit sha1_base64="e7qOtahWEv7+/iTste8oOMdgJ9k=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0NWTa2o67ihuXFewDpkPNpGkbmpkMSUYoQz/DjQtF3Po17vwbM20FFT0QOJxzD7n3BDFnSiP0YeXW1jc2t/LbhZ3dvf2D4uFRR4lEEtomggvZC7CinEW0rZnmtBdLisOA024wvcr87j2VionoVs9i6od4HLERI1gbyUv7MoSXJjAvD4olZDtO3XURRHalWm+41YygxkW9Bh0bLVACK7QGxff+UJAkpJEmHCvlOSjWfoqlZoTTeaGfKBpjMsVj6hka4ZAqP12sPIdnRhnCkZDmRRou1O+JFIdKzcLATIZYT9RvLxP/8rxEj1w/ZVGcaBqR5UejhEMtYHY/HDJJieYzQzCRzOwKyQRLTLRpqWBK+LoU/k86Fdup2ec3tVLzblVHHpyAU1AGDmiAJrgGLdAGBAjwAJ7As6WtR+vFel2O5qxV5hj8gPX2CTVFkVM=</latexit>

)

<latexit sha1_base64="pFMXQwyEGSmD9YLgEU5OEP7WqgE=">AAAB6HicdVDLSgMxFM34rPVVdekmWATdDJm2tuOu4MZlC/YB7VAzaaaNzWSGJCOUoV/gxoUibv0kd/6NmbaCih64cDjnXu69x485UxqhD2tldW19YzO3ld/e2d3bLxwctlWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT64yv3NPpWKRuNHTmHohHgkWMIK1kZrng0IR2Y5TdV0EkV0qV2tuOSOodlmtQMdGcxTBEo1B4b0/jEgSUqEJx0r1HBRrL8VSM8LpLN9PFI0xmeAR7RkqcEiVl84PncFTowxhEElTQsO5+n0ixaFS09A3nSHWY/Xby8S/vF6iA9dLmYgTTQVZLAoSDnUEs6/hkElKNJ8agolk5lZIxlhiok02eRPC16fwf9Iu2U7FvmhWivXbZRw5cAxOwBlwQA3UwTVogBYggIIH8ASerTvr0XqxXhetK9Zy5gj8gPX2Ce8PjSQ=</latexit>

k

<latexit sha1_base64="B36ZCGxaTRrGNdip7I/p6/f+nYM=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LKvYB7VAzaaYNzWSGJCOUsX/gxoUibv0jd/6NmbaCih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJxeZ37mjUrFI3OhpTL0QjwQLGMHaSNf9+0GxhGzHqbkugsguV2p1t5IRVD+vVaFjozlKYInmoPjeH0YkCanQhGOleg6KtZdiqRnhdFboJ4rGmEzwiPYMFTikykvnl87giVGGMIikKaHhXP0+keJQqWnom84Q67H67WXiX14v0YHrpUzEiaaCLBYFCYc6gtnbcMgkJZpPDcFEMnMrJGMsMdEmnIIJ4etT+D9pl22nap9dVUuN22UceXAEjsEpcEAdNMAlaIIWICAAD+AJPFsT69F6sV4XrTlrOXMIfsB6+wQdqY3d</latexit>

kmass

<latexit sha1_base64="0L8J+7lQD+7K2ntBsk7xnUWXglc=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExcTWYAYdyRuHGJiSAJTLBTOtDQdsa2Q0JGvsONC41x68e482/sACZq9CQ3OTnn3vbeE8SMKu04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSExaOGKR7ARIEUYFaWmqGenEkiAeMHITjC8y/2ZCpKKRuNbTmPgcDQUNKUbaSH7vvp/2JIccKTXrF0uO7bo1z3OgY5crtbpXyYhTP69VoWs7c5TAEs1+8b03iHDCidCYmRe6rhNrP0VSU8zIrNBLFIkRHqMh6RoqECfKT+dLz+CJUQYwjKQpoeFc/T6RIq7UlAemkyM9Ur+9TPzL6yY69PyUijjRRODFR2HCoI5glgAcUEmwZlNDEJbU7ArxCEmEtcmpYEL4uhT+T9pl263aZ1fVUuN2GUceHIFjcApcUAcNcAmaoAUwuAMP4Ak8WxPr0XqxXhetOWs5cwh+wHr7BH22krE=</latexit>

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

= k�⌃kmass

<latexit sha1_base64="nQkjRaoPGRB1JraRaX0nRS/y/3w="></latexit>



• Operator norm for (n-k)-form  

•

⌘ : C1⌦k(M) ! R
k⌘kmass = sup

!2C1⌦k(M),k!kL11
|⌘[!]|

<latexit sha1_base64="5eaUo2FwFe26CfHTxak28R0wwLI="></latexit>

⌘ : C1⌦k(M) ! R

<latexit sha1_base64="0fmBBoWYolkYRIXn9kfx7XQE0lY="></latexit>

the area functional = operator norm w.r.t. sup-norm

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

= k�⌃kmass

<latexit sha1_base64="nQkjRaoPGRB1JraRaX0nRS/y/3w="></latexit>

k

<latexit sha1_base64="B36ZCGxaTRrGNdip7I/p6/f+nYM=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LKvYB7VAzaaYNzWSGJCOUsX/gxoUibv0jd/6NmbaCih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJxeZ37mjUrFI3OhpTL0QjwQLGMHaSNf9+0GxhGzHqbkugsguV2p1t5IRVD+vVaFjozlKYInmoPjeH0YkCanQhGOleg6KtZdiqRnhdFboJ4rGmEzwiPYMFTikykvnl87giVGGMIikKaHhXP0+keJQqWnom84Q67H67WXiX14v0YHrpUzEiaaCLBYFCYc6gtnbcMgkJZpPDcFEMnMrJGMsMdEmnIIJ4etT+D9pl22nap9dVUuN22UceXAEjsEpcEAdNMAlaIIWICAAD+AJPFsT69F6sV4XrTlrOXMIfsB6+wQdqY3d</latexit>

kmass

<latexit sha1_base64="0L8J+7lQD+7K2ntBsk7xnUWXglc=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExcTWYAYdyRuHGJiSAJTLBTOtDQdsa2Q0JGvsONC41x68e482/sACZq9CQ3OTnn3vbeE8SMKu04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSExaOGKR7ARIEUYFaWmqGenEkiAeMHITjC8y/2ZCpKKRuNbTmPgcDQUNKUbaSH7vvp/2JIccKTXrF0uO7bo1z3OgY5crtbpXyYhTP69VoWs7c5TAEs1+8b03iHDCidCYmRe6rhNrP0VSU8zIrNBLFIkRHqMh6RoqECfKT+dLz+CJUQYwjKQpoeFc/T6RIq7UlAemkyM9Ur+9TPzL6yY69PyUijjRRODFR2HCoI5glgAcUEmwZlNDEJbU7ArxCEmEtcmpYEL4uhT+T9pl263aZ1fVUuN2GUceHIFjcApcUAcNcAmaoAUwuAMP4Ak8WxPr0XqxXhetOWs5cwh+wHr7BH22krE=</latexit>



• Operator norm for (n-k)-form  

•  

• Sup-norm for k-smooth form  

•

⌘ : C1⌦k(M) ! R
k⌘kmass = sup

!2C1⌦k(M),k!kL11
|⌘[!]|

<latexit sha1_base64="5eaUo2FwFe26CfHTxak28R0wwLI="></latexit>

! 2 C1⌦k(M)

k!kL1 = sup
p2M

|!|p

<latexit sha1_base64="V7IaEg05KuHv8F7i2Zsb7BIsiug="></latexit>

the area functional = operator norm w.r.t. sup-norm

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

= k�⌃kmass

<latexit sha1_base64="nQkjRaoPGRB1JraRaX0nRS/y/3w="></latexit>

k

<latexit sha1_base64="B36ZCGxaTRrGNdip7I/p6/f+nYM=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LKvYB7VAzaaYNzWSGJCOUsX/gxoUibv0jd/6NmbaCih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJxeZ37mjUrFI3OhpTL0QjwQLGMHaSNf9+0GxhGzHqbkugsguV2p1t5IRVD+vVaFjozlKYInmoPjeH0YkCanQhGOleg6KtZdiqRnhdFboJ4rGmEzwiPYMFTikykvnl87giVGGMIikKaHhXP0+keJQqWnom84Q67H67WXiX14v0YHrpUzEiaaCLBYFCYc6gtnbcMgkJZpPDcFEMnMrJGMsMdEmnIIJ4etT+D9pl22nap9dVUuN22UceXAEjsEpcEAdNMAlaIIWICAAD+AJPFsT69F6sV4XrTlrOXMIfsB6+wQdqY3d</latexit>

kmass

<latexit sha1_base64="0L8J+7lQD+7K2ntBsk7xnUWXglc=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExcTWYAYdyRuHGJiSAJTLBTOtDQdsa2Q0JGvsONC41x68e482/sACZq9CQ3OTnn3vbeE8SMKu04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSExaOGKR7ARIEUYFaWmqGenEkiAeMHITjC8y/2ZCpKKRuNbTmPgcDQUNKUbaSH7vvp/2JIccKTXrF0uO7bo1z3OgY5crtbpXyYhTP69VoWs7c5TAEs1+8b03iHDCidCYmRe6rhNrP0VSU8zIrNBLFIkRHqMh6RoqECfKT+dLz+CJUQYwjKQpoeFc/T6RIq7UlAemkyM9Ur+9TPzL6yY69PyUijjRRODFR2HCoI5glgAcUEmwZlNDEJbU7ArxCEmEtcmpYEL4uhT+T9pl263aZ1fVUuN2GUceHIFjcApcUAcNcAmaoAUwuAMP4Ak8WxPr0XqxXhetOWs5cwh+wHr7BH22krE=</latexit>

! 2 C1⌦k(M)

<latexit sha1_base64="APAJOpwaikEEzHAw/uH6V/LJviI="></latexit>

⌘ : C1⌦k(M) ! R

<latexit sha1_base64="0fmBBoWYolkYRIXn9kfx7XQE0lY="></latexit>



the area functional = operator norm w.r.t. sup-norm

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

= k�⌃kmass

<latexit sha1_base64="nQkjRaoPGRB1JraRaX0nRS/y/3w="></latexit>

! 2 C1⌦k(M)

<latexit sha1_base64="APAJOpwaikEEzHAw/uH6V/LJviI="></latexit>

k

<latexit sha1_base64="B36ZCGxaTRrGNdip7I/p6/f+nYM=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LKvYB7VAzaaYNzWSGJCOUsX/gxoUibv0jd/6NmbaCih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJxeZ37mjUrFI3OhpTL0QjwQLGMHaSNf9+0GxhGzHqbkugsguV2p1t5IRVD+vVaFjozlKYInmoPjeH0YkCanQhGOleg6KtZdiqRnhdFboJ4rGmEzwiPYMFTikykvnl87giVGGMIikKaHhXP0+keJQqWnom84Q67H67WXiX14v0YHrpUzEiaaCLBYFCYc6gtnbcMgkJZpPDcFEMnMrJGMsMdEmnIIJ4etT+D9pl22nap9dVUuN22UceXAEjsEpcEAdNMAlaIIWICAAD+AJPFsT69F6sV4XrTlrOXMIfsB6+wQdqY3d</latexit>

kmass

<latexit sha1_base64="0L8J+7lQD+7K2ntBsk7xnUWXglc=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExcTWYAYdyRuHGJiSAJTLBTOtDQdsa2Q0JGvsONC41x68e482/sACZq9CQ3OTnn3vbeE8SMKu04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSExaOGKR7ARIEUYFaWmqGenEkiAeMHITjC8y/2ZCpKKRuNbTmPgcDQUNKUbaSH7vvp/2JIccKTXrF0uO7bo1z3OgY5crtbpXyYhTP69VoWs7c5TAEs1+8b03iHDCidCYmRe6rhNrP0VSU8zIrNBLFIkRHqMh6RoqECfKT+dLz+CJUQYwjKQpoeFc/T6RIq7UlAemkyM9Ur+9TPzL6yY69PyUijjRRODFR2HCoI5glgAcUEmwZlNDEJbU7ArxCEmEtcmpYEL4uhT+T9pl263aZ1fVUuN2GUceHIFjcApcUAcNcAmaoAUwuAMP4Ak8WxPr0XqxXhetOWs5cwh+wHr7BH22krE=</latexit>

⌘ : C1⌦k(M) ! R

<latexit sha1_base64="0fmBBoWYolkYRIXn9kfx7XQE0lY="></latexit>

• Operator norm for (n-k)-form  

•  

• Sup-norm for k-smooth form  

•  

• Pointwise Euclidean  norm 

• (l2           

⌘ : C1⌦k(M) ! R
k⌘kmass = sup

!2C1⌦k(M),k!kL11
|⌘[!]|

<latexit sha1_base64="5eaUo2FwFe26CfHTxak28R0wwLI="></latexit>

! 2 C1⌦k(M)

k!kL1 = sup
p2M

|!|p

<latexit sha1_base64="V7IaEg05KuHv8F7i2Zsb7BIsiug="></latexit>

`2

<latexit sha1_base64="zag9s9iRmqBaFtYl69+iiPD/HdI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3uKtgHtGPJpJk2NjMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aCuRSEJbRHAhuz5WlLOItjTTnHZjSXHoc9rxJxeZ37mnUjER3ehpTL0QjyIWMIK1kdp9yvlteVAsIdtxaq6LILLLlVrdrWQE1c9rVejYaI4SWKI5KL73h4IkIY004VipnoNi7aVYakY4nRX6iaIxJhM8oj1DIxxS5aXza2fwxChDGAhpKtJwrn6fSHGo1DT0TWeI9Vj99jLxL6+X6MD1UhbFiaYRWSwKEg61gNnrcMgkJZpPDcFEMnMrJGMsMdEmoIIJ4etT+D9pl22nap9dV0uNq2UceXAEjsEpcEAdNMAlaIIWIOAOPIAn8GwJ69F6sV4XrTlrOXMIfsB6+wSuwo8/</latexit>

|!|p =
q

?(! ^ ?!)p

<latexit sha1_base64="6xZX9A4mYGJiwyEAkZLQFsRSNDs="></latexit>

! = f1dx2dx3 + f2dx3dx1 + f3dx1dx2, |!| =
q
f2
1 + f2

2 + f2
3



• Dirac-delta form for surfaces 

k�⌃kmass = sup
!2C1⌦k(M)

k!kL11

����
Z

M
! ^ �⌃

����

= sup
v2C1(M!R3)

|v|1

Z

⌃
v · n⌃dS

=

Z

⌃
n⌃ · n⌃dS =

Z

⌃
1dS = Area(⌃)

<latexit sha1_base64="dS/l8G0Tuo8DXSQH5+KNn6yGwkI="></latexit>

the area functional = operator norm w.r.t. sup-norm

Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

= k�⌃kmass

<latexit sha1_base64="nQkjRaoPGRB1JraRaX0nRS/y/3w="></latexit>

k

<latexit sha1_base64="B36ZCGxaTRrGNdip7I/p6/f+nYM=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LKvYB7VAzaaYNzWSGJCOUsX/gxoUibv0jd/6NmbaCih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJxeZ37mjUrFI3OhpTL0QjwQLGMHaSNf9+0GxhGzHqbkugsguV2p1t5IRVD+vVaFjozlKYInmoPjeH0YkCanQhGOleg6KtZdiqRnhdFboJ4rGmEzwiPYMFTikykvnl87giVGGMIikKaHhXP0+keJQqWnom84Q67H67WXiX14v0YHrpUzEiaaCLBYFCYc6gtnbcMgkJZpPDcFEMnMrJGMsMdEmnIIJ4etT+D9pl22nap9dVUuN22UceXAEjsEpcEAdNMAlaIIWICAAD+AJPFsT69F6sV4XrTlrOXMIfsB6+wQdqY3d</latexit>

kmass

<latexit sha1_base64="0L8J+7lQD+7K2ntBsk7xnUWXglc=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExcTWYAYdyRuHGJiSAJTLBTOtDQdsa2Q0JGvsONC41x68e482/sACZq9CQ3OTnn3vbeE8SMKu04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSExaOGKR7ARIEUYFaWmqGenEkiAeMHITjC8y/2ZCpKKRuNbTmPgcDQUNKUbaSH7vvp/2JIccKTXrF0uO7bo1z3OgY5crtbpXyYhTP69VoWs7c5TAEs1+8b03iHDCidCYmRe6rhNrP0VSU8zIrNBLFIkRHqMh6RoqECfKT+dLz+CJUQYwjKQpoeFc/T6RIq7UlAemkyM9Ur+9TPzL6yY69PyUijjRRODFR2HCoI5glgAcUEmwZlNDEJbU7ArxCEmEtcmpYEL4uhT+T9pl263aZ1fVUuN2GUceHIFjcApcUAcNcAmaoAUwuAMP4Ak8WxPr0XqxXhetOWs5cwh+wHr7BH22krE=</latexit>

�]⌃ ⇡ 1

✏
n⌃

<latexit sha1_base64="B0Y82/nGMfGc4iw99ifA800T+Mg="></latexit>



Variable  

Constraint  

Objective Area(⌃)

<latexit sha1_base64="UoMjF6vafeR4L4xL4Df2w4K7D84=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExwM5kBBNxh3OgOoyAJENIpBRo6j7R3jJMJ/oobFxrj1g9x59/YAUzU6EmanJxzT+7tcQLBFVjWh5FaWl5ZXUuvZzY2t7Z3srt7LeWHkrIm9YUv2w5RTHCPNYGDYO1AMuI6gt04k7PEv7llUnHfu4YoYD2XjDw+5JSAlvrZXBfYHcSnOjMtdK/4yCVH/WzeMm27UqtZ2DKLpUq1VkqIVT2plLFtWjPk0QKNfva9O/Bp6DIPqCBKdWwrgF5MJHAq2DTTDRULCJ2QEeto6hGXqV48O36KD7UywENf6ucBnqnfEzFxlYpcR0+6BMbqt5eIf3mdEIa1Xsy9IATm0fmiYSgw+DhpAg+4ZBREpAmhkutbMR0TSSjovjK6hK+f4v9Jq2jaZfP4spyvXyzqSKN9dIAKyEZVVEfnqIGaiKIIPaAn9GzcG4/Gi/E6H00Zi0wO/YDx9gnlQJT5</latexit>

a given space curve

�⌃

<latexit sha1_base64="Lux9Q8mKvO8pdsQ1hZOjbto7+6I=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQtLWNu4KgrisaB/QhDKZTNqhk0mcmRRK6He4caGIWz/GnX/jpK2gogcuHM65l3vv8RNGpbKsD2NldW19Y7OwVdze2d3bLx0cdmScCkzaOGax6PlIEkY5aSuqGOklgqDIZ6Trjy9zvzshQtKY36lpQrwIDTkNKUZKS54bEKbQwL2lwwgNSmXLtO2641jQMivVesOp5sRqXNRr0DatOcpgidag9O4GMU4jwhVmSMq+bSXKy5BQFDMyK7qpJAnCYzQkfU05ioj0svnRM3iqlQCGsdDFFZyr3ycyFEk5jXzdGSE1kr+9XPzL66cqdLyM8iRVhOPFojBlUMUwTwAGVBCs2FQThAXVt0I8QgJhpXMq6hC+PoX/k07FtGvm+U2t3LxaxlEAx+AEnAEbNEATXIMWaAMM7sEDeALPxsR4NF6M10XrirGcOQI/YLx9AjKUkms=</latexit>

Plateau problem
(the problem of minimal surfaces)

d�⌃ = ��

<latexit sha1_base64="okuIUbJS76bEeoAYOA5+94qimdk=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFAR1WdE+oC3lTiZtQ5OZIckIpXTnxl9x40IRt/6CO//G9AUqeuDCyTn3knuPF3GmtON8WguLS8srq4m15PrG5tZ2ame3qsJYElohIQ9l3QNFOQtoRTPNaT2SFITHac3rn4/92h2VioXBrR5EtCWgG7AOI6CN1E4d+E2fcg3t5g3rCsBneP6+BCGgnUo7tuvmi0UHO3Ymmy8Us2PiFE7zOezazgRpNEO5nfpo+iGJBQ004aBUw3Ui3RqC1IxwOko2Y0UjIH3o0oahAQiqWsPJHSN8ZBQfd0JpKtB4on6fGIJQaiA80ylA99Rvbyz+5TVi3Sm2hiyIYk0DMv2oE3OsQzwOBftMUqL5wBAgkpldMemBBKJNdEkTwvxS/D+pZmw3Z59c59Kli1kcCbSPDtExclEBldAVKqMKIugePaJn9GI9WE/Wq/U2bV2wZjN76Aes9y+TJZkr</latexit>

Area(

<latexit sha1_base64="e7qOtahWEv7+/iTste8oOMdgJ9k=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0NWTa2o67ihuXFewDpkPNpGkbmpkMSUYoQz/DjQtF3Po17vwbM20FFT0QOJxzD7n3BDFnSiP0YeXW1jc2t/LbhZ3dvf2D4uFRR4lEEtomggvZC7CinEW0rZnmtBdLisOA024wvcr87j2VionoVs9i6od4HLERI1gbyUv7MoSXJjAvD4olZDtO3XURRHalWm+41YygxkW9Bh0bLVACK7QGxff+UJAkpJEmHCvlOSjWfoqlZoTTeaGfKBpjMsVj6hka4ZAqP12sPIdnRhnCkZDmRRou1O+JFIdKzcLATIZYT9RvLxP/8rxEj1w/ZVGcaBqR5UejhEMtYHY/HDJJieYzQzCRzOwKyQRLTLRpqWBK+LoU/k86Fdup2ec3tVLzblVHHpyAU1AGDmiAJrgGLdAGBAjwAJ7As6WtR+vFel2O5qxV5hj8gPX2CTVFkVM=</latexit>

)

<latexit sha1_base64="pFMXQwyEGSmD9YLgEU5OEP7WqgE=">AAAB6HicdVDLSgMxFM34rPVVdekmWATdDJm2tuOu4MZlC/YB7VAzaaaNzWSGJCOUoV/gxoUibv0kd/6NmbaCih64cDjnXu69x485UxqhD2tldW19YzO3ld/e2d3bLxwctlWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT64yv3NPpWKRuNHTmHohHgkWMIK1kZrng0IR2Y5TdV0EkV0qV2tuOSOodlmtQMdGcxTBEo1B4b0/jEgSUqEJx0r1HBRrL8VSM8LpLN9PFI0xmeAR7RkqcEiVl84PncFTowxhEElTQsO5+n0ixaFS09A3nSHWY/Xby8S/vF6iA9dLmYgTTQVZLAoSDnUEs6/hkElKNJ8agolk5lZIxlhiok02eRPC16fwf9Iu2U7FvmhWivXbZRw5cAxOwBlwQA3UwTVogBYggIIH8ASerTvr0XqxXhetK9Zy5gj8gPX2Ce8PjSQ=</latexit>

k

<latexit sha1_base64="B36ZCGxaTRrGNdip7I/p6/f+nYM=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LKvYB7VAzaaYNzWSGJCOUsX/gxoUibv0jd/6NmbaCih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJxeZ37mjUrFI3OhpTL0QjwQLGMHaSNf9+0GxhGzHqbkugsguV2p1t5IRVD+vVaFjozlKYInmoPjeH0YkCanQhGOleg6KtZdiqRnhdFboJ4rGmEzwiPYMFTikykvnl87giVGGMIikKaHhXP0+keJQqWnom84Q67H67WXiX14v0YHrpUzEiaaCLBYFCYc6gtnbcMgkJZpPDcFEMnMrJGMsMdEmnIIJ4etT+D9pl22nap9dVUuN22UceXAEjsEpcEAdNMAlaIIWICAAD+AJPFsT69F6sV4XrTlrOXMIfsB6+wQdqY3d</latexit>

kmass

<latexit sha1_base64="0L8J+7lQD+7K2ntBsk7xnUWXglc=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExcTWYAYdyRuHGJiSAJTLBTOtDQdsa2Q0JGvsONC41x68e482/sACZq9CQ3OTnn3vbeE8SMKu04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSExaOGKR7ARIEUYFaWmqGenEkiAeMHITjC8y/2ZCpKKRuNbTmPgcDQUNKUbaSH7vvp/2JIccKTXrF0uO7bo1z3OgY5crtbpXyYhTP69VoWs7c5TAEs1+8b03iHDCidCYmRe6rhNrP0VSU8zIrNBLFIkRHqMh6RoqECfKT+dLz+CJUQYwjKQpoeFc/T6RIq7UlAemkyM9Ur+9TPzL6yY69PyUijjRRODFR2HCoI5glgAcUEmwZlNDEJbU7ArxCEmEtcmpYEL4uhT+T9pl263aZ1fVUuN2GUceHIFjcApcUAcNcAmaoAUwuAMP4Ak8WxPr0XqxXhetOWs5cwh+wHr7BH22krE=</latexit>

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>



Variable  

Constraint  

Objective 

a given space curve

�⌃

<latexit sha1_base64="Lux9Q8mKvO8pdsQ1hZOjbto7+6I=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQtLWNu4KgrisaB/QhDKZTNqhk0mcmRRK6He4caGIWz/GnX/jpK2gogcuHM65l3vv8RNGpbKsD2NldW19Y7OwVdze2d3bLx0cdmScCkzaOGax6PlIEkY5aSuqGOklgqDIZ6Trjy9zvzshQtKY36lpQrwIDTkNKUZKS54bEKbQwL2lwwgNSmXLtO2641jQMivVesOp5sRqXNRr0DatOcpgidag9O4GMU4jwhVmSMq+bSXKy5BQFDMyK7qpJAnCYzQkfU05ioj0svnRM3iqlQCGsdDFFZyr3ycyFEk5jXzdGSE1kr+9XPzL66cqdLyM8iRVhOPFojBlUMUwTwAGVBCs2FQThAXVt0I8QgJhpXMq6hC+PoX/k07FtGvm+U2t3LxaxlEAx+AEnAEbNEATXIMWaAMM7sEDeALPxsR4NF6M10XrirGcOQI/YLx9AjKUkms=</latexit>

Plateau problem
(the problem of minimal surfaces)

d�⌃ = ��

<latexit sha1_base64="okuIUbJS76bEeoAYOA5+94qimdk=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFAR1WdE+oC3lTiZtQ5OZIckIpXTnxl9x40IRt/6CO//G9AUqeuDCyTn3knuPF3GmtON8WguLS8srq4m15PrG5tZ2ame3qsJYElohIQ9l3QNFOQtoRTPNaT2SFITHac3rn4/92h2VioXBrR5EtCWgG7AOI6CN1E4d+E2fcg3t5g3rCsBneP6+BCGgnUo7tuvmi0UHO3Ymmy8Us2PiFE7zOezazgRpNEO5nfpo+iGJBQ004aBUw3Ui3RqC1IxwOko2Y0UjIH3o0oahAQiqWsPJHSN8ZBQfd0JpKtB4on6fGIJQaiA80ylA99Rvbyz+5TVi3Sm2hiyIYk0DMv2oE3OsQzwOBftMUqL5wBAgkpldMemBBKJNdEkTwvxS/D+pZmw3Z59c59Kli1kcCbSPDtExclEBldAVKqMKIugePaJn9GI9WE/Wq/U2bV2wZjN76Aes9y+TJZkr</latexit>

Area(

<latexit sha1_base64="e7qOtahWEv7+/iTste8oOMdgJ9k=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0NWTa2o67ihuXFewDpkPNpGkbmpkMSUYoQz/DjQtF3Po17vwbM20FFT0QOJxzD7n3BDFnSiP0YeXW1jc2t/LbhZ3dvf2D4uFRR4lEEtomggvZC7CinEW0rZnmtBdLisOA024wvcr87j2VionoVs9i6od4HLERI1gbyUv7MoSXJjAvD4olZDtO3XURRHalWm+41YygxkW9Bh0bLVACK7QGxff+UJAkpJEmHCvlOSjWfoqlZoTTeaGfKBpjMsVj6hka4ZAqP12sPIdnRhnCkZDmRRou1O+JFIdKzcLATIZYT9RvLxP/8rxEj1w/ZVGcaBqR5UejhEMtYHY/HDJJieYzQzCRzOwKyQRLTLRpqWBK+LoU/k86Fdup2ec3tVLzblVHHpyAU1AGDmiAJrgGLdAGBAjwAJ7As6WtR+vFel2O5qxV5hj8gPX2CTVFkVM=</latexit>

)

<latexit sha1_base64="pFMXQwyEGSmD9YLgEU5OEP7WqgE=">AAAB6HicdVDLSgMxFM34rPVVdekmWATdDJm2tuOu4MZlC/YB7VAzaaaNzWSGJCOUoV/gxoUibv0kd/6NmbaCih64cDjnXu69x485UxqhD2tldW19YzO3ld/e2d3bLxwctlWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT64yv3NPpWKRuNHTmHohHgkWMIK1kZrng0IR2Y5TdV0EkV0qV2tuOSOodlmtQMdGcxTBEo1B4b0/jEgSUqEJx0r1HBRrL8VSM8LpLN9PFI0xmeAR7RkqcEiVl84PncFTowxhEElTQsO5+n0ixaFS09A3nSHWY/Xby8S/vF6iA9dLmYgTTQVZLAoSDnUEs6/hkElKNJ8agolk5lZIxlhiok02eRPC16fwf9Iu2U7FvmhWivXbZRw5cAxOwBlwQA3UwTVogBYggIIH8ASerTvr0XqxXhetK9Zy5gj8gPX2Ce8PjSQ=</latexit>

k

<latexit sha1_base64="B36ZCGxaTRrGNdip7I/p6/f+nYM=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LKvYB7VAzaaYNzWSGJCOUsX/gxoUibv0jd/6NmbaCih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJxeZ37mjUrFI3OhpTL0QjwQLGMHaSNf9+0GxhGzHqbkugsguV2p1t5IRVD+vVaFjozlKYInmoPjeH0YkCanQhGOleg6KtZdiqRnhdFboJ4rGmEzwiPYMFTikykvnl87giVGGMIikKaHhXP0+keJQqWnom84Q67H67WXiX14v0YHrpUzEiaaCLBYFCYc6gtnbcMgkJZpPDcFEMnMrJGMsMdEmnIIJ4etT+D9pl22nap9dVUuN22UceXAEjsEpcEAdNMAlaIIWICAAD+AJPFsT69F6sV4XrTlrOXMIfsB6+wQdqY3d</latexit>

kmass

<latexit sha1_base64="0L8J+7lQD+7K2ntBsk7xnUWXglc=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExcTWYAYdyRuHGJiSAJTLBTOtDQdsa2Q0JGvsONC41x68e482/sACZq9CQ3OTnn3vbeE8SMKu04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSExaOGKR7ARIEUYFaWmqGenEkiAeMHITjC8y/2ZCpKKRuNbTmPgcDQUNKUbaSH7vvp/2JIccKTXrF0uO7bo1z3OgY5crtbpXyYhTP69VoWs7c5TAEs1+8b03iHDCidCYmRe6rhNrP0VSU8zIrNBLFIkRHqMh6RoqECfKT+dLz+CJUQYwjKQpoeFc/T6RIq7UlAemkyM9Ur+9TPzL6yY69PyUijjRRODFR2HCoI5glgAcUEmwZlNDEJbU7ArxCEmEtcmpYEL4uhT+T9pl263aZ1fVUuN2GUceHIFjcApcUAcNcAmaoAUwuAMP4Ak8WxPr0XqxXhetOWs5cwh+wHr7BH22krE=</latexit>

=

<latexit sha1_base64="+vJX5aLA5Lr+BmF+mwkoEO9rbnM=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ6at7bgQCm5ctmAf0A41k2ba2ExmSDJCGfoFblwo4tZPcuffmGkrqOiBC4dz7uXee/yYM6UR+rBWVtfWNzZzW/ntnd29/cLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uQq8zv3VCoWiRs9jakX4pFgASNYG6l5OSgUke04VddFENmlcrXmljOCahfVCnRsNEcRLNEYFN77w4gkIRWacKxUz0Gx9lIsNSOczvL9RNEYkwke0Z6hAodUeen80Bk8NcoQBpE0JTScq98nUhwqNQ190xliPVa/vUz8y+slOnC9lIk40VSQxaIg4VBHMPsaDpmkRPOpIZhIZm6FZIwlJtpkkzchfH0K/yftku1U7PNmpVi/XcaRA8fgBJwBB9RAHVyDBmgBAih4AE/g2bqzHq0X63XRumItZ47AD1hvnw1ujTg=</latexit>

k�⌃kmass

<latexit sha1_base64="s5+Hgv/lIr2kF57V64AgrbmGMAw="></latexit>



Variable  

Constraint  

Objective 

a given space curve

�⌃

<latexit sha1_base64="Lux9Q8mKvO8pdsQ1hZOjbto7+6I=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQtLWNu4KgrisaB/QhDKZTNqhk0mcmRRK6He4caGIWz/GnX/jpK2gogcuHM65l3vv8RNGpbKsD2NldW19Y7OwVdze2d3bLx0cdmScCkzaOGax6PlIEkY5aSuqGOklgqDIZ6Trjy9zvzshQtKY36lpQrwIDTkNKUZKS54bEKbQwL2lwwgNSmXLtO2641jQMivVesOp5sRqXNRr0DatOcpgidag9O4GMU4jwhVmSMq+bSXKy5BQFDMyK7qpJAnCYzQkfU05ioj0svnRM3iqlQCGsdDFFZyr3ycyFEk5jXzdGSE1kr+9XPzL66cqdLyM8iRVhOPFojBlUMUwTwAGVBCs2FQThAXVt0I8QgJhpXMq6hC+PoX/k07FtGvm+U2t3LxaxlEAx+AEnAEbNEATXIMWaAMM7sEDeALPxsR4NF6M10XrirGcOQI/YLx9AjKUkms=</latexit>

Plateau problem
(the problem of minimal surfaces)

d�⌃ = ��

<latexit sha1_base64="okuIUbJS76bEeoAYOA5+94qimdk=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuhpm2tnUhFAR1WdE+oC3lTiZtQ5OZIckIpXTnxl9x40IRt/6CO//G9AUqeuDCyTn3knuPF3GmtON8WguLS8srq4m15PrG5tZ2ame3qsJYElohIQ9l3QNFOQtoRTPNaT2SFITHac3rn4/92h2VioXBrR5EtCWgG7AOI6CN1E4d+E2fcg3t5g3rCsBneP6+BCGgnUo7tuvmi0UHO3Ymmy8Us2PiFE7zOezazgRpNEO5nfpo+iGJBQ004aBUw3Ui3RqC1IxwOko2Y0UjIH3o0oahAQiqWsPJHSN8ZBQfd0JpKtB4on6fGIJQaiA80ylA99Rvbyz+5TVi3Sm2hiyIYk0DMv2oE3OsQzwOBftMUqL5wBAgkpldMemBBKJNdEkTwvxS/D+pZmw3Z59c59Kli1kcCbSPDtExclEBldAVKqMKIugePaJn9GI9WE/Wq/U2bV2wZjN76Aes9y+TJZkr</latexit>

k�⌃kmass

<latexit sha1_base64="s5+Hgv/lIr2kF57V64AgrbmGMAw="></latexit>



a convex problem

Variable  

Constraint  

Objective 

�⌃

k�⌃kmass

d�⌃ = ��

⌘

<latexit sha1_base64="9wfuKiIp7boYgy+DEmTr2OWHET4=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GjJtbeuuIIjLCvYB7VAyaaYNTTJDkhHK0F9w40IRt/6QO//GTFtBRQ9cOJxzL/feE8ScaYPQh5NbW9/Y3MpvF3Z29/YPiodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6VXmd++p0iySd2YWU1/gsWQhI9hk0oAaPCyWkOt5tUYDQeSWK7V6o5IRVL+sVaHnogVKYIXWsPg+GEUkEVQawrHWfQ/Fxk+xMoxwOi8MEk1jTKZ4TPuWSiyo9tPFrXN4ZpURDCNlSxq4UL9PpFhoPROB7RTYTPRvLxP/8vqJCRt+ymScGCrJclGYcGgimD0OR0xRYvjMEkwUs7dCMsEKE2PjKdgQvj6F/5NO2fWq7sVttdS8XsWRByfgFJwDD9RBE9yAFmgDAibgATyBZ0c4j86L87pszTmrmWPwA87bJ4GijpU=</latexit>

d⌘ = ��

<latexit sha1_base64="UgCOnbwnR/DLZKGW3vcmnm7BnZA=">AAAB/nicdVBNa9tAEF05aZu6H3FSeupliSn0JCTbsZ1DwFBoenQgTgKWMaPV2F68K4ndUcGIQP5KLjkkhFz7O3Lrv+nacaAt6YOBx3szzMyLcyUtBcEvr7Kx+eLlq63X1Tdv373fru3sntqsMAIHIlOZOY/BopIpDkiSwvPcIOhY4Vk8/7r0z36gsTJLT2iR40jDNJUTKYCcNK59TCIk4Ic8SlARjKMj0BrGtXrgh2G72w144Dea7U63uSRB56Dd4qEfrFBna/THtYcoyUShMSWhwNphGOQ0KsGQFAovqlFhMQcxhykOHU1Box2Vq/Mv+GenJHySGVcp8ZX650QJ2tqFjl2nBprZf72l+Jw3LGjSHZUyzQvCVDwumhSKU8aXWfBEGhSkFo6AMNLdysUMDAhyiVVdCE+f8v+T04Yftvz941a9920dxxb7xPbYFxayDuux76zPBkywkl2xG3brXXrX3p13/9ha8dYzH9hf8H7+BqSmlVU=</latexit>

k⌘kmass

<latexit sha1_base64="DFuc8TTlfDhBmwURGA9odiD+8s0=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgasi0tR13BUFcVrAP6JSSSdM2NJkZkoxQpvVX3LhQxK0f4s6/MX0IKnrgwuGce5N7TxBzpjRCH1ZmbX1jcyu7ndvZ3ds/sA+PmipKJKENEvFItgOsKGchbWimOW3HkmIRcNoKxpdzv3VHpWJReKsnMe0KPAzZgBGsjdSz8/7Upxr7017qSwEFVmrWswvIcd2K5yGInGKpUvVKc4KqF5UydB20QAGsUO/Z734/IomgoSbcvNBxUay7KZaaEU5nOT9RNMZkjIe0Y2iIBVXddLH8DJ4apQ8HkTQVarhQv0+kWCg1EYHpFFiP1G9vLv7ldRI98LopC+NE05AsPxokHOoIzpOAfSYp0XxiCCaSmV0hGWGJiTZ55UwIX5fC/0mz6Lhl5/ymXKhdreLIgmNwAs6AC6qgBq5BHTQAARPwAJ7As3VvPVov1uuyNWOtZvLgB6y3T6DClXI=</latexit>

any 1-form

Plateau problem
(the problem of minimal surfaces)

Variable  

Constraint  

Objective 

�⌃

k�⌃kmass

d�⌃ = ��
a given space curve

Variable  

Constraint  

Objective 

a given space curve

�⌃

d�⌃ = ��

k�⌃kmass



—well-known geometric processing fact.
nonconvex.”“Area functional is



—with surface represented with differential forms.—well-known geometric processing fact.
“Area functional is nonconvex.”no longer





Variable  

Constraint  

Objective  

Feasible set

a given space curve

�⌃

k�⌃kmass

d�⌃ = ��

⌘

<latexit sha1_base64="9wfuKiIp7boYgy+DEmTr2OWHET4=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GjJtbeuuIIjLCvYB7VAyaaYNTTJDkhHK0F9w40IRt/6QO//GTFtBRQ9cOJxzL/feE8ScaYPQh5NbW9/Y3MpvF3Z29/YPiodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6VXmd++p0iySd2YWU1/gsWQhI9hk0oAaPCyWkOt5tUYDQeSWK7V6o5IRVL+sVaHnogVKYIXWsPg+GEUkEVQawrHWfQ/Fxk+xMoxwOi8MEk1jTKZ4TPuWSiyo9tPFrXN4ZpURDCNlSxq4UL9PpFhoPROB7RTYTPRvLxP/8vqJCRt+ymScGCrJclGYcGgimD0OR0xRYvjMEkwUs7dCMsEKE2PjKdgQvj6F/5NO2fWq7sVttdS8XsWRByfgFJwDD9RBE9yAFmgDAibgATyBZ0c4j86L87pszTmrmWPwA87bJ4GijpU=</latexit>

d⌘ = ��

<latexit sha1_base64="UgCOnbwnR/DLZKGW3vcmnm7BnZA=">AAAB/nicdVBNa9tAEF05aZu6H3FSeupliSn0JCTbsZ1DwFBoenQgTgKWMaPV2F68K4ndUcGIQP5KLjkkhFz7O3Lrv+nacaAt6YOBx3szzMyLcyUtBcEvr7Kx+eLlq63X1Tdv373fru3sntqsMAIHIlOZOY/BopIpDkiSwvPcIOhY4Vk8/7r0z36gsTJLT2iR40jDNJUTKYCcNK59TCIk4Ic8SlARjKMj0BrGtXrgh2G72w144Dea7U63uSRB56Dd4qEfrFBna/THtYcoyUShMSWhwNphGOQ0KsGQFAovqlFhMQcxhykOHU1Box2Vq/Mv+GenJHySGVcp8ZX650QJ2tqFjl2nBprZf72l+Jw3LGjSHZUyzQvCVDwumhSKU8aXWfBEGhSkFo6AMNLdysUMDAhyiVVdCE+f8v+T04Yftvz941a9920dxxb7xPbYFxayDuux76zPBkywkl2xG3brXXrX3p13/9ha8dYzH9hf8H7+BqSmlVU=</latexit>

k⌘kmass

<latexit sha1_base64="DFuc8TTlfDhBmwURGA9odiD+8s0=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgasi0tR13BUFcVrAP6JSSSdM2NJkZkoxQpvVX3LhQxK0f4s6/MX0IKnrgwuGce5N7TxBzpjRCH1ZmbX1jcyu7ndvZ3ds/sA+PmipKJKENEvFItgOsKGchbWimOW3HkmIRcNoKxpdzv3VHpWJReKsnMe0KPAzZgBGsjdSz8/7Upxr7017qSwEFVmrWswvIcd2K5yGInGKpUvVKc4KqF5UydB20QAGsUO/Z734/IomgoSbcvNBxUay7KZaaEU5nOT9RNMZkjIe0Y2iIBVXddLH8DJ4apQ8HkTQVarhQv0+kWCg1EYHpFFiP1G9vLv7ldRI98LopC+NE05AsPxokHOoIzpOAfSYp0XxiCCaSmV0hGWGJiTZ55UwIX5fC/0mz6Lhl5/ymXKhdreLIgmNwAs6AC6qgBq5BHTQAARPwAJ7As3VvPVov1uuyNWOtZvLgB6y3T6DClXI=</latexit>

any 1-form

Relaxed Plateau problem

= ⌘0 + im(d0)

<latexit sha1_base64="yQ9+3CyHj6g8slnq/XHqsHYy4FM=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARKsKQaWtbF0LBje4q2Ae0tWTStA1NZoYkI5ShbvwVNy4UcetfuPNvTB+Cih64cDjnXu69xws5UxqhDyuxsLi0vJJcTa2tb2xu2ds7NRVEktAqCXggGx5WlDOfVjXTnDZCSbHwOK17w/OJX7+lUrHAv9ajkLYF7vusxwjWRurYe2ewRTXuIHgM45YUkIlxpnuDjjp2GjmuWyiVEERONlcolnITgoqnhTx0HTRFGsxR6djvrW5AIkF9TThWqumiULdjLDUjnI5TrUjREJMh7tOmoT4WVLXj6QdjeGiULuwF0pSv4VT9PhFjodRIeKZTYD1Qv72J+JfXjHSv1I6ZH0aa+mS2qBdxqAM4iQN2maRE85EhmEhmboVkgCUm2oSWMiF8fQr/J7Ws4+adk6t8unw5jyMJ9sEByAAXFEEZXIAKqAIC7sADeALP1r31aL1Yr7PWhDWf2QU/YL19AuzglVQ=</latexit>

A = {⌘ : d⌘ = ��}

<latexit sha1_base64="+Qynv484+zJHFdG0YWMyBN4qLdU="></latexit>

= ⌘0 + ker(d1)

<latexit sha1_base64="bkEQJUPdapFrRSaEZXlpXa70S5w=">AAAB/HicdVDJSgNBEO1xjXEbzdFLYxAiwtCTxCQehIAXvUUwCyQx9HQqSZOehe4eIYT4K148KOLVD/Hm39hZBBV9UPB4r4qqel4kuNKEfFhLyyura+uJjeTm1vbOrr23X1NhLBlUWShC2fCoAsEDqGquBTQiCdT3BNS94cXUr9+BVDwMbvQogrZP+wHvcUa1kTp26rwFmnYIPsGtIchM99Y97thp4rhuoVQimDjZXKFYyk0JKZ4V8th1yAxptEClY7+3uiGLfQg0E1Sppksi3R5TqTkTMEm2YgURZUPah6ahAfVBtcez4yf4yChd3AulqUDjmfp9Ykx9pUa+Zzp9qgfqtzcV//Kase6V2mMeRLGGgM0X9WKBdYinSeAul8C0GBlCmeTmVswGVFKmTV5JE8LXp/h/Uss6bt45vc6ny1eLOBLoAB2iDHJREZXRJaqgKmJohB7QE3q27q1H68V6nbcuWYuZFPoB6+0TjoqTeA==</latexit>

=
�
⌘0 + d' : ' 2 ⌦0(M)

 

<latexit sha1_base64="UKYoi6THBOfwOAipJi3s2aD9A1Q="></latexit>

if  H1(M) = 0

<latexit sha1_base64="UV1DGJT5xttDrle0C11rsTerUWY=">AAAB73icdVBdSwJBFJ21L7Mvq8dehiSwl2VWTbeHQOjFHgKDNEE3mR1ndXD2o5nZQBb/RC89FNFrf6e3/k2zalBRBy4czrmXe+9xI86kQujDyCwtr6yuZddzG5tb2zv53b22DGNBaIuEPBQdF0vKWUBbiilOO5Gg2Hc5vXHH56l/c0+FZGFwrSYRdXw8DJjHCFZa6jRureLl8Rnq5wvItKyqbSOIzFK5WrPLKUG102oFWiaaoQAWaPbz771BSGKfBopwLGXXQpFyEiwUI5xOc71Y0giTMR7SrqYB9ql0ktm9U3iklQH0QqErUHCmfp9IsC/lxHd1p4/VSP72UvEvrxsrz3YSFkSxogGZL/JiDlUI0+fhgAlKFJ9ogolg+lZIRlhgonREOR3C16fwf9IumVbFPLmqFOoXiziy4AAcgiKwQA3UQQM0QQsQwMEDeALPxp3xaLwYr/PWjLGY2Qc/YLx9Ao5hjww=</latexit>

an arbitrary feasible solution

⌘ = ⌘0 + d'

<latexit sha1_base64="dhXK61RIWoFF39bmIADJo6N8NJs=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRZBEIZMW9u6EApudFfBPqAtQyaTaUMzD5JMoQ7FX3HjQhG3/oc7/8ZMW0FFD9zL4Zx7yc1xIs6kQujDyCwtr6yuZddzG5tb2zv53b2WDGNBaJOEPBQdB0vKWUCbiilOO5Gg2Hc4bTujy9Rvj6mQLAxu1SSifR8PAuYxgpWW7PxBjyp8kTYbnbq9MRbRkNn5AjItq1KrIYjMYqlSrZVSgqrnlTK0TDRDASzQsPPvPTcksU8DRTiWsmuhSPUTLBQjnE5zvVjSCJMRHtCupgH2qewns+un8FgrLvRCoStQcKZ+30iwL+XEd/Skj9VQ/vZS8S+vGyuv1k9YEMWKBmT+kBdzqEKYRgFdJihRfKIJJoLpWyEZYoGJ0oHldAhfP4X/k1bRtMrm2U25UL9exJEFh+AInAALVEEdXIEGaAIC7sADeALPxr3xaLwYr/PRjLHY2Qc/YLx9AmfClUA=</latexit>

⌘

<latexit sha1_base64="VEYIYnetsrS/0tXA5Bm1gucw2Vc=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GjJtbeuu4EZ3FewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4g50wahDye3tr6xuZXfLuzs7u0fFA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G06vM795TpVkk78wspr7AY8lCRrDJpAE1eFgsIdfzao0GgsgtV2r1RiUjqH5Zq0LPRQuUwAqtYfF9MIpIIqg0hGOt+x6KjZ9iZRjhdF4YJJrGmEzxmPYtlVhQ7aeLW+fwzCojGEbKljRwoX6fSLHQeiYC2ymwmejfXib+5fUTEzb8lMk4MVSS5aIw4dBEMHscjpiixPCZJZgoZm+FZIIVJsbGU7AhfH0K/yedsutV3Yvbaql5s4ojD07AKTgHHqiDJrgGLdAGBEzAA3gCz45wHp0X53XZmnNWM8fgB5y3T4KJjpg=</latexit>

'

<latexit sha1_base64="uFMgT9CfD5/zrCojLHTotGM41DM=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6at7bgruNFdBfuAdiiZNG1DM5mQZApl6Ee4caGIW7/HnX9jpq2gogcuHM65l3vvCSVn2iD04aytb2xubed28rt7+weHhaPjlo4TRWiTxDxWnRBrypmgTcMMpx2pKI5CTtvh5Drz21OqNIvFvZlJGkR4JNiQEWys1O5NsZJj1i8Uket5Vd9HELmlcrXmlzOCalfVCvRctEARrNDoF957g5gkERWGcKx110PSBClWhhFO5/leoqnEZIJHtGupwBHVQbo4dw7PrTKAw1jZEgYu1O8TKY60nkWh7YywGevfXib+5XUTM/SDlAmZGCrIctEw4dDEMPsdDpiixPCZJZgoZm+FZIwVJsYmlLchfH0K/yetkutV3Mu7SrF+u4ojB07BGbgAHqiBOrgBDdAEBEzAA3gCz450Hp0X53XZuuasZk7ADzhvn/TxkAY=</latexit>



Fast ADMM algorithm
minimize

'
h�, d'iL2(M) +

⌧

2
kd'� ⌘̂ + ⌘0k2L2(M)

<latexit sha1_base64="I99SdaCYsUbWxriqCy8UCZv1cYY="></latexit>

complete squares
minimize

'
kd'� somethingk2L2(M)

<latexit sha1_base64="p9Lo+udYfnBmcvTScNPQhi1v6CI="></latexit>

�' = some source term

<latexit sha1_base64="EuFYFgzqi3/driIB2/a70iO1PG4="></latexit>

minimize
⌘

X

p

|⌘p|� h�p, ⌘pi+
⌧

2
|d'̂p � ⌘p + ⌘0,p|2

<latexit sha1_base64="JaqmUgrEKPrEonWq7uHhWWiAjIA="></latexit>

minimize
x

|x|+ ⌧

2
|x� something|2

x = Shrink 1
⌧
(something)

<latexit sha1_base64="Ov2RnXXa1Psc8u6E+L04uOPNykg="></latexit>

optimality formula
⌘p = Shrink 1

⌧
(some pointwise attribute)

<latexit sha1_base64="RYU6y8dtsY4/ZKAysw4Jb3syozs="></latexit>

'

<latexit sha1_base64="uFMgT9CfD5/zrCojLHTotGM41DM=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6at7bgruNFdBfuAdiiZNG1DM5mQZApl6Ee4caGIW7/HnX9jpq2gogcuHM65l3vvCSVn2iD04aytb2xubed28rt7+weHhaPjlo4TRWiTxDxWnRBrypmgTcMMpx2pKI5CTtvh5Drz21OqNIvFvZlJGkR4JNiQEWys1O5NsZJj1i8Uket5Vd9HELmlcrXmlzOCalfVCvRctEARrNDoF957g5gkERWGcKx110PSBClWhhFO5/leoqnEZIJHtGupwBHVQbo4dw7PrTKAw1jZEgYu1O8TKY60nkWh7YywGevfXib+5XUTM/SDlAmZGCrIctEw4dDEMPsdDpiixPCZJZgoZm+FZIwVJsYmlLchfH0K/yetkutV3Mu7SrF+u4ojB07BGbgAHqiBOrgBDdAEBEzAA3gCz450Hp0X53XZuuasZk7ADzhvn/TxkAY=</latexit>

⌘

<latexit sha1_base64="VEYIYnetsrS/0tXA5Bm1gucw2Vc=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GjJtbeuu4EZ3FewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4g50wahDye3tr6xuZXfLuzs7u0fFA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G06vM795TpVkk78wspr7AY8lCRrDJpAE1eFgsIdfzao0GgsgtV2r1RiUjqH5Zq0LPRQuUwAqtYfF9MIpIIqg0hGOt+x6KjZ9iZRjhdF4YJJrGmEzxmPYtlVhQ7aeLW+fwzCojGEbKljRwoX6fSLHQeiYC2ymwmejfXib+5fUTEzb8lMk4MVSS5aIw4dBEMHscjpiixPCZJZgoZm+FZIIVJsbGU7AhfH0K/yedsutV3Yvbaql5s4ojD07AKTgHHqiDJrgGLdAGBEzAA3gCz45wHp0X53XZmnNWM8fgB5y3T4KJjpg=</latexit>



Variable  

Constraint  

Objective  

Feasible set

a given space curve

�⌃

k�⌃kmass

d�⌃ = ��

⌘

<latexit sha1_base64="9wfuKiIp7boYgy+DEmTr2OWHET4=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GjJtbeuuIIjLCvYB7VAyaaYNTTJDkhHK0F9w40IRt/6QO//GTFtBRQ9cOJxzL/feE8ScaYPQh5NbW9/Y3MpvF3Z29/YPiodHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6VXmd++p0iySd2YWU1/gsWQhI9hk0oAaPCyWkOt5tUYDQeSWK7V6o5IRVL+sVaHnogVKYIXWsPg+GEUkEVQawrHWfQ/Fxk+xMoxwOi8MEk1jTKZ4TPuWSiyo9tPFrXN4ZpURDCNlSxq4UL9PpFhoPROB7RTYTPRvLxP/8vqJCRt+ymScGCrJclGYcGgimD0OR0xRYvjMEkwUs7dCMsEKE2PjKdgQvj6F/5NO2fWq7sVttdS8XsWRByfgFJwDD9RBE9yAFmgDAibgATyBZ0c4j86L87pszTmrmWPwA87bJ4GijpU=</latexit>

d⌘ = ��

<latexit sha1_base64="UgCOnbwnR/DLZKGW3vcmnm7BnZA=">AAAB/nicdVBNa9tAEF05aZu6H3FSeupliSn0JCTbsZ1DwFBoenQgTgKWMaPV2F68K4ndUcGIQP5KLjkkhFz7O3Lrv+nacaAt6YOBx3szzMyLcyUtBcEvr7Kx+eLlq63X1Tdv373fru3sntqsMAIHIlOZOY/BopIpDkiSwvPcIOhY4Vk8/7r0z36gsTJLT2iR40jDNJUTKYCcNK59TCIk4Ic8SlARjKMj0BrGtXrgh2G72w144Dea7U63uSRB56Dd4qEfrFBna/THtYcoyUShMSWhwNphGOQ0KsGQFAovqlFhMQcxhykOHU1Box2Vq/Mv+GenJHySGVcp8ZX650QJ2tqFjl2nBprZf72l+Jw3LGjSHZUyzQvCVDwumhSKU8aXWfBEGhSkFo6AMNLdysUMDAhyiVVdCE+f8v+T04Yftvz941a9920dxxb7xPbYFxayDuux76zPBkywkl2xG3brXXrX3p13/9ha8dYzH9hf8H7+BqSmlVU=</latexit>

k⌘kmass

<latexit sha1_base64="DFuc8TTlfDhBmwURGA9odiD+8s0=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgasi0tR13BUFcVrAP6JSSSdM2NJkZkoxQpvVX3LhQxK0f4s6/MX0IKnrgwuGce5N7TxBzpjRCH1ZmbX1jcyu7ndvZ3ds/sA+PmipKJKENEvFItgOsKGchbWimOW3HkmIRcNoKxpdzv3VHpWJReKsnMe0KPAzZgBGsjdSz8/7Upxr7017qSwEFVmrWswvIcd2K5yGInGKpUvVKc4KqF5UydB20QAGsUO/Z734/IomgoSbcvNBxUay7KZaaEU5nOT9RNMZkjIe0Y2iIBVXddLH8DJ4apQ8HkTQVarhQv0+kWCg1EYHpFFiP1G9vLv7ldRI98LopC+NE05AsPxokHOoIzpOAfSYp0XxiCCaSmV0hGWGJiTZ55UwIX5fC/0mz6Lhl5/ymXKhdreLIgmNwAs6AC6qgBq5BHTQAARPwAJ7As3VvPVov1uuyNWOtZvLgB6y3T6DClXI=</latexit>

any 1-form

Relaxed Plateau problem

= ⌘0 + im(d0)

<latexit sha1_base64="yQ9+3CyHj6g8slnq/XHqsHYy4FM=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARKsKQaWtbF0LBje4q2Ae0tWTStA1NZoYkI5ShbvwVNy4UcetfuPNvTB+Cih64cDjnXu69xws5UxqhDyuxsLi0vJJcTa2tb2xu2ds7NRVEktAqCXggGx5WlDOfVjXTnDZCSbHwOK17w/OJX7+lUrHAv9ajkLYF7vusxwjWRurYe2ewRTXuIHgM45YUkIlxpnuDjjp2GjmuWyiVEERONlcolnITgoqnhTx0HTRFGsxR6djvrW5AIkF9TThWqumiULdjLDUjnI5TrUjREJMh7tOmoT4WVLXj6QdjeGiULuwF0pSv4VT9PhFjodRIeKZTYD1Qv72J+JfXjHSv1I6ZH0aa+mS2qBdxqAM4iQN2maRE85EhmEhmboVkgCUm2oSWMiF8fQr/J7Ws4+adk6t8unw5jyMJ9sEByAAXFEEZXIAKqAIC7sADeALP1r31aL1Yr7PWhDWf2QU/YL19AuzglVQ=</latexit>

A = {⌘ : d⌘ = ��}

<latexit sha1_base64="+Qynv484+zJHFdG0YWMyBN4qLdU="></latexit>

= ⌘0 + ker(d1)

<latexit sha1_base64="bkEQJUPdapFrRSaEZXlpXa70S5w=">AAAB/HicdVDJSgNBEO1xjXEbzdFLYxAiwtCTxCQehIAXvUUwCyQx9HQqSZOehe4eIYT4K148KOLVD/Hm39hZBBV9UPB4r4qqel4kuNKEfFhLyyura+uJjeTm1vbOrr23X1NhLBlUWShC2fCoAsEDqGquBTQiCdT3BNS94cXUr9+BVDwMbvQogrZP+wHvcUa1kTp26rwFmnYIPsGtIchM99Y97thp4rhuoVQimDjZXKFYyk0JKZ4V8th1yAxptEClY7+3uiGLfQg0E1Sppksi3R5TqTkTMEm2YgURZUPah6ahAfVBtcez4yf4yChd3AulqUDjmfp9Ykx9pUa+Zzp9qgfqtzcV//Kase6V2mMeRLGGgM0X9WKBdYinSeAul8C0GBlCmeTmVswGVFKmTV5JE8LXp/h/Uss6bt45vc6ny1eLOBLoAB2iDHJREZXRJaqgKmJohB7QE3q27q1H68V6nbcuWYuZFPoB6+0TjoqTeA==</latexit>

=
�
⌘0 + d' : ' 2 ⌦0(M)

 

<latexit sha1_base64="UKYoi6THBOfwOAipJi3s2aD9A1Q="></latexit>

if  H1(M) = 0

<latexit sha1_base64="UV1DGJT5xttDrle0C11rsTerUWY=">AAAB73icdVBdSwJBFJ21L7Mvq8dehiSwl2VWTbeHQOjFHgKDNEE3mR1ndXD2o5nZQBb/RC89FNFrf6e3/k2zalBRBy4czrmXe+9xI86kQujDyCwtr6yuZddzG5tb2zv53b22DGNBaIuEPBQdF0vKWUBbiilOO5Gg2Hc5vXHH56l/c0+FZGFwrSYRdXw8DJjHCFZa6jRureLl8Rnq5wvItKyqbSOIzFK5WrPLKUG102oFWiaaoQAWaPbz771BSGKfBopwLGXXQpFyEiwUI5xOc71Y0giTMR7SrqYB9ql0ktm9U3iklQH0QqErUHCmfp9IsC/lxHd1p4/VSP72UvEvrxsrz3YSFkSxogGZL/JiDlUI0+fhgAlKFJ9ogolg+lZIRlhgonREOR3C16fwf9IumVbFPLmqFOoXiziy4AAcgiKwQA3UQQM0QQsQwMEDeALPxp3xaLwYr/PWjLGY2Qc/YLx9Ao5hjww=</latexit>

an arbitrary feasible solution

⌘ = ⌘0 + d'

<latexit sha1_base64="dhXK61RIWoFF39bmIADJo6N8NJs=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRZBEIZMW9u6EApudFfBPqAtQyaTaUMzD5JMoQ7FX3HjQhG3/oc7/8ZMW0FFD9zL4Zx7yc1xIs6kQujDyCwtr6yuZddzG5tb2zv53b2WDGNBaJOEPBQdB0vKWUCbiilOO5Gg2Hc4bTujy9Rvj6mQLAxu1SSifR8PAuYxgpWW7PxBjyp8kTYbnbq9MRbRkNn5AjItq1KrIYjMYqlSrZVSgqrnlTK0TDRDASzQsPPvPTcksU8DRTiWsmuhSPUTLBQjnE5zvVjSCJMRHtCupgH2qewns+un8FgrLvRCoStQcKZ+30iwL+XEd/Skj9VQ/vZS8S+vGyuv1k9YEMWKBmT+kBdzqEKYRgFdJihRfKIJJoLpWyEZYoGJ0oHldAhfP4X/k1bRtMrm2U25UL9exJEFh+AInAALVEEdXIEGaAIC7sADeALPxr3xaLwYr/PRjLHY2Qc/YLx9AmfClUA=</latexit>

⌘

<latexit sha1_base64="VEYIYnetsrS/0tXA5Bm1gucw2Vc=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GjJtbeuu4EZ3FewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4g50wahDye3tr6xuZXfLuzs7u0fFA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G06vM795TpVkk78wspr7AY8lCRrDJpAE1eFgsIdfzao0GgsgtV2r1RiUjqH5Zq0LPRQuUwAqtYfF9MIpIIqg0hGOt+x6KjZ9iZRjhdF4YJJrGmEzxmPYtlVhQ7aeLW+fwzCojGEbKljRwoX6fSLHQeiYC2ymwmejfXib+5fUTEzb8lMk4MVSS5aIw4dBEMHscjpiixPCZJZgoZm+FZIIVJsbGU7AhfH0K/yedsutV3Yvbaql5s4ojD07AKTgHHqiDJrgGLdAGBEzAA3gCz45wHp0X53XZmnNWM8fgB5y3T4KJjpg=</latexit>

'

<latexit sha1_base64="uFMgT9CfD5/zrCojLHTotGM41DM=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6at7bgruNFdBfuAdiiZNG1DM5mQZApl6Ee4caGIW7/HnX9jpq2gogcuHM65l3vvCSVn2iD04aytb2xubed28rt7+weHhaPjlo4TRWiTxDxWnRBrypmgTcMMpx2pKI5CTtvh5Drz21OqNIvFvZlJGkR4JNiQEWys1O5NsZJj1i8Uket5Vd9HELmlcrXmlzOCalfVCvRctEARrNDoF957g5gkERWGcKx110PSBClWhhFO5/leoqnEZIJHtGupwBHVQbo4dw7PrTKAw1jZEgYu1O8TKY60nkWh7YywGevfXib+5XUTM/SDlAmZGCrIctEw4dDEMPsdDpiixPCZJZgoZm+FZIwVJsYmlLchfH0K/yetkutV3Mu7SrF+u4ojB07BGbgAHqiBOrgBDdAEBEzAA3gCz450Hp0X53XZuuasZk7ADzhvn/TxkAY=</latexit>



Plateau problem on 3-torus
periodic boundary artifact



What happened on the 3-torus?

• Nontrivial cohomology  

• Nontrivial harmonic forms (closed but not exact)

H
1(T3) = ker(d1)/im(d0) 6= 0

Cohomology matters

h1

<latexit sha1_base64="yDj7OMCMqyRrgYfsQl+6isR5dHc=">AAAB6nicdVDLSgMxFM34aq2vqktRgkVwNWTa2o67ght1VdE+oB1KJs20oZkHSUYpQz/BjQtF3PpF7vwGP0IzrYKKHrhwOOde7r3HjTiTCqFXY25+YXEpk13OrayurW/kN7eaMowFoQ0S8lC0XSwpZwFtKKY4bUeCYt/ltOWOTlK/dU2FZGFwpcYRdXw8CJjHCFZauhz2rF6+gEzLqtg2gsgslipVu5QSVD2ulKFloikKtb33t8z5zW69l3/p9kMS+zRQhGMpOxaKlJNgoRjhdJLrxpJGmIzwgHY0DbBPpZNMT53AA630oRcKXYGCU/X7RIJ9Kce+qzt9rIbyt5eKf3mdWHm2k7AgihUNyGyRF3OoQpj+DftMUKL4WBNMBNO3QjLEAhOl08npEL4+hf+TZtG0yubRhU7jDMyQBTtgHxwCC1RBDZyCOmgAAgbgFtyDB4Mbd8aj8TRrnTM+Z7bBDxjPH7MfkRk=</latexit>

h2

<latexit sha1_base64="fp5hK5EiL96/tD/ctBTiw5Sf6fQ=">AAAB6nicdVDLSsNAFJ34aq2vqktRBovgKiRtbeOu4EZdVbQPaEOZTCft0MkkzEyUEvoJblwo4tYvcuc3+BE6aRVU9MCFwzn3cu89XsSoVJb1aszNLywuZbLLuZXVtfWN/OZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6CT1W9dESBryKzWOiBugAac+xUhp6XLYK/byBcu07YrjWNAyi6VK1SmlxKoeV8rQNq0pCrW997fM+c1uvZd/6fZDHAeEK8yQlB3bipSbIKEoZmSS68aSRAiP0IB0NOUoINJNpqdO4IFW+tAPhS6u4FT9PpGgQMpx4OnOAKmh/O2l4l9eJ1a+4yaUR7EiHM8W+TGDKoTp37BPBcGKjTVBWFB9K8RDJBBWOp2cDuHrU/g/aRZNu2weXeg0zsAMWbAD9sEhsEEV1MApqIMGwGAAbsE9eDCYcWc8Gk+z1jnjc2Yb/IDx/AG0o5Ea</latexit>

h3

<latexit sha1_base64="lN3q2ILqRWIZ095GOoCd1lJP67A=">AAAB6nicdVDLSsNAFJ34aq2vqktRBovgKiRtbeOu4EZdVbQPaEOZTCft0MkkzEyUEvoJblwo4tYvcuc3+BE6aRVU9MCFwzn3cu89XsSoVJb1aszNLywuZbLLuZXVtfWN/OZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6CT1W9dESBryKzWOiBugAac+xUhp6XLYK/XyBcu07YrjWNAyi6VK1SmlxKoeV8rQNq0pCrW997fM+c1uvZd/6fZDHAeEK8yQlB3bipSbIKEoZmSS68aSRAiP0IB0NOUoINJNpqdO4IFW+tAPhS6u4FT9PpGgQMpx4OnOAKmh/O2l4l9eJ1a+4yaUR7EiHM8W+TGDKoTp37BPBcGKjTVBWFB9K8RDJBBWOp2cDuHrU/g/aRZNu2weXeg0zsAMWbAD9sEhsEEV1MApqIMGwGAAbsE9eDCYcWc8Gk+z1jnjc2Yb/IDx/AG2J5Eb</latexit>

H
1(T3) = ker(d1)/im(d0) 6= 0

<latexit sha1_base64="alZW9633H9Auykenma4hXE5FAU8="></latexit>



⌃

<latexit sha1_base64="fyv6Mu39TlV19jqveRuNK/Uctz0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmba2o67ghvdVbQPaIeSSTNtbJIZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3niBmVGnH+bByK6tr6xv5zcLW9s7uXnH/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLnI/M49kYpG4lZPY+JzNBI0pBhpI7X7N3TE0aBYcmzXrXmeAx27XKnVvUpGnPp5rQpd25mjBJZoDorv/WGEE06Exgwp1XOdWPspkppiRmaFfqJIjPAEjUjPUIE4UX46v3YGT4wyhGEkTQkN5+r3iRRxpaY8MJ0c6bH67WXiX14v0aHnp1TEiSYCLxaFCYM6gtnrcEglwZpNDUFYUnMrxGMkEdYmoIIJ4etT+D9pl223ap9dV0uNq2UceXAEjsEpcEEdNMAlaIIWwOAOPIAn8GxF1qP1Yr0uWnPWcuYQ/ID19gnlBo9j</latexit>

n⌃

<latexit sha1_base64="c87pdvGycoVxG3yYLF/W7aNTvRk=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK2tnFXcKO7ivYBTSiT6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtoKKnpg4HDOvdwzJ0gYlcq2P4zC2vrG5lZxu7Szu7d/YB4edWScCkzaOGax6AVIEkY5aSuqGOklgqAoYKQbTK5yvzslQtKY36tZQvwIjTgNKUZKSwPT9CKkxkEI+cC7o6MIDcyybTlO3XVtaFuVar3hVnNiNy7rNehY9gJlsEJrYL57wxinEeEKMyRl37ET5WdIKIoZmZe8VJIE4Qkakb6mHEVE+tki+RyeaWUIw1joxxVcqN83MhRJOYsCPZnnlL+9XPzL66cqdP2M8iRVhOPloTBlUMUwrwEOqSBYsZkmCAuqs0I8RgJhpcsq6RK+fgr/J52K5dSsi9tauXmzqqMITsApOAcOaIAmuAYt0AYYTMEDeALPRmY8Gi/G63K0YKx2jsEPGG+fnjmTsw==</latexit>

hi

<latexit sha1_base64="rrTKZXxpzytt8oqeZPOJ91SVADg=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZkNMckx4EVvEc0DkiXMTmaTIbMPZmaFsOQTvHhQxKtf5M2/cTZZQUULGoqqbrq7vFhwpTH+sApr6xubW8Xt0s7u3v5B+fCoq6JEUtahkYhk3yOKCR6yjuZasH4sGQk8wXre7DLze/dMKh6Fd3oeMzcgk5D7nBJtpNvpiI/KFWw7dWyAsN3EOak3qhlx7KWAK5CjPSq/D8cRTQIWaiqIUgMHx9pNidScCrYoDRPFYkJnZMIGhoYkYMpNl6cu0JlRxsiPpKlQo6X6fSIlgVLzwDOdAdFT9dvLxL+8QaL9ppvyME40C+lqkZ8IpCOU/Y3GXDKqxdwQQiU3tyI6JZJQbdIpmRC+PkX/k27Vdmr2xU2t0rrO4yjCCZzCOTjQgBZcQRs6QGECD/AEz5awHq0X63XVWrDymWP4AevtE3hAjfU=</latexit>

Pi(⌃)

<latexit sha1_base64="Ab9BI2iH+klcRV2K3Db8J6mTYrU=">AAAB/XicdVDLSgMxFM34rPU1PnZugkWomyFTattlwY3uKtoHdIYhk2ba0MyDJCPUUvwVNy4Ucet/uPNvzLQjqOiBwOGce7knx084kwqhD2NpeWV1bb2wUdzc2t7ZNff2OzJOBaFtEvNY9HwsKWcRbSumOO0lguLQ57Trj88zv3tLhWRxdKMmCXVDPIxYwAhWWvLMQyfEakQwhy2PlZ1rNgzxqWeWkGXXkAZEVgPlpFavZMS25gIqgRwtz3x3BjFJQxopwrGUfRslyp1ioRjhdFZ0UkkTTMZ4SPuaRjik0p3O08/giVYGMIiFfpGCc/X7xhSHUk5CX09mWeVvLxP/8vqpChrulEVJqmhEFoeClEMVw6wKOGCCEsUnmmAimM4KyQgLTJQurKhL+Pop/J90KpZdtc6uqqXmZV5HARyBY1AGNqiDJrgALdAGBNyBB/AEno1749F4MV4Xo0tGvnMAfsB4+wSLvZSs</latexit>

Z
hi ^ �⌃ =

Z

⌃
ei · n⌃dS

=

Z

Pi(⌃)
1dS = SignedArea(Pi(⌃))

<latexit sha1_base64="DZZlxM2DuBgibHdIBrBemAWz2Os="></latexit>

What happened on the 3-torus?
Cohomology matters



Cohomology constraint
examples

Z
h1 ^ ⌘ = 0

Z
h2 ^ ⌘ = Area(D)

Z
h3 ^ ⌘ = 0

<latexit sha1_base64="afoeuFkFIYJzsRDea7RHETJdVGU="></latexit>

Z
h1 ^ ⌘ = 0

Z
h2 ^ ⌘ = 1�Area(D)

Z
h3 ^ ⌘ = 0

<latexit sha1_base64="P96vqiUwWaxwHuX3scAqM8b1KMY="></latexit>

Z
h1 ^ ⌘ = �1

Z
h2 ^ ⌘ = 1�Area(D)

Z
h3 ^ ⌘ = 1

<latexit sha1_base64="3ZlDTzIZWxF63ycz9MAtfMesVlI="></latexit>

Z
hi ^ �⌃ =

Z

⌃
ei · n⌃dS

=

Z

Pi(⌃)
1dS = SignedArea(Pi(⌃))

<latexit sha1_base64="DZZlxM2DuBgibHdIBrBemAWz2Os="></latexit>



Admissible set
Cohomology constraint

• Adding Cohomology constraint 

• Admissible set

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

Z
hi ^ ⌘ =  i, i = 1, 2, 3

<latexit sha1_base64="Qne0DJu0lzou7WZszIJo+st50V8="></latexit>



Admissible set
Cohomology constraint

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

ker(d1)

<latexit sha1_base64="hui0y/f25sdJQN9QCMbUpycwuko=">AAAB9XicdVBNT8JAEN3iF+IX6tHLRmKCl6YtCHIjevGIiYAJFLLdbmHDdtvsbjWk4X948aAxXv0v3vw3bgETNfqSSV7em8nMPC9mVCrL+jByK6tr6xv5zcLW9s7uXnH/oCOjRGDSxhGLxK2HJGGUk7aiipHbWBAUeox0vcll5nfviJA04jdqGhM3RCNOA4qR0tIg7YsQToiYlf2BfToslizTtmuO5UDLdCq1esPOiFVv1CrQNq05SmCJ1rD43vcjnISEK8yQlD3bipWbIqEoZmRW6CeSxAhP0Ij0NOUoJNJN51fP4IlWfBhEQhdXcK5+n0hRKOU09HRniNRY/vYy8S+vl6jg3E0pjxNFOF4sChIGVQSzCKBPBcGKTTVBWFB9K8RjJBBWOqiCDuHrU/g/6TimXTXPrqul5sUyjjw4AsegDGxQB01wBVqgDTAQ4AE8gWfj3ng0XozXRWvOWM4cgh8w3j4B77KSKg==</latexit>

im(d0)

<latexit sha1_base64="WZalnPRhYUNTXSKFhXeVxka3ehk=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExwM+kAguyIblxiImACI+l0OtDQzoxth4RM+A43LjTGrR/jzr+xPEzU6ElucnLOvbn3Hi/mTGmEPqzMyura+kZ2M7e1vbO7l98/aKsokYS2SMQjeethRTkLaUszzeltLCkWHqcdb3Q58ztjKhWLwhs9iakr8CBkASNYG8lNe1JAJqZF/w6d9vMFZDtOtYRKENmlcrVWd2YE1erVMnRsNEcBLNHs5997fkQSQUNNOFaq66BYuymWmhFOp7leomiMyQgPaNfQEAuq3HR+9BSeGMWHQSRNhRrO1e8TKRZKTYRnOgXWQ/Xbm4l/ed1EB+duysI40TQki0VBwqGO4CwB6DNJieYTQzCRzNwKyRBLTLTJKWdC+PoU/k/aJdup2GfXlULjYhlHFhyBY1AEDqiBBrgCTdACBNyDB/AEnq2x9Wi9WK+L1oy1nDkEP2C9fQIgUZGz</latexit>

ker(d1)?

<latexit sha1_base64="AerG0rnn1+Oq2YP4sZpTL9Z9MCM=">AAAB/XicdVDJTgJBEO1xRdxwuXnpSEzwMpkBBLkRvXjERJaEAdLTFNChZ0l3jwlOiL/ixYPGePU/vPk39gAmavQllby8V5Wqem7ImVSW9WEsLa+srq2nNtKbW9s7u5m9/YYMIkGhTgMeiJZLJHDmQ10xxaEVCiCey6Hpji8Tv3kLQrLAv1GTEDoeGfpswChRWuplDmNHeHgMYprrd+3TrhOCCHuZrGXadilv5bFl5gulcsVOiFWulArYNq0ZsmiBWi/z7vQDGnngK8qJlG3bClUnJkIxymGadiIJIaFjMoS2pj7xQHbi2fVTfKKVPh4EQpev8Ez9PhETT8qJ5+pOj6iR/O0l4l9eO1KD807M/DBS4NP5okHEsQpwEgXuMwFU8YkmhAqmb8V0RAShSgeW1iF8fYr/J428aRfNs+titnqxiCOFjtAxyiEblVEVXaEaqiOK7tADekLPxr3xaLwYr/PWJWMxc4B+wHj7BByalQg=</latexit>

⇢
⌘

����
Z

M
hi ^ ⌘ = Ai

�

<latexit sha1_base64="7Cdza1dlVOF2MlabqcDGKgFNHVA="></latexit>

{⌘ | d⌘ = ��}

<latexit sha1_base64="Y7O74X58s1VqMxS9r1diSmrNHno="></latexit>

H
1(M)

<latexit sha1_base64="E7S9qIfWjpge02UEDWE9WzdGFPw=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTCZ1tbuim66ESrYB7RjyaSZNjbzIMkIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd773EjzqSyrA8js7K6tr6R3cxtbe/s7uX3D9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0404uU79zT4VkYXCjphF1fDwKmMcIVlpqN25R8ep0kC9YJkIV27KhZdqlSrWGUmJVa5USRKY1RwEs0Rzk3/vDkMQ+DRThWMoesiLlJFgoRjid5fqxpBEmEzyiPU0D7FPpJPNrZ/BEK0PohUJXoOBc/T6RYF/Kqe/qTh+rsfztpeJfXi9W3rmTsCCKFQ3IYpEXc6hCmL4Oh0xQovhUE0wE07dCMsYCE6UDyukQvj6F/5O2baKyeXZdLtQvlnFkwRE4BkWAQBXUQQM0QQsQcAcewBN4NkLj0XgxXhetGWM5cwh+wHj7BIVojnY=</latexit>

A = ⌘0 + im(d0)

<latexit sha1_base64="4HrzcSzSIESV4MkdLjvydedoYCY="></latexit>



Admissible set
Cohomology constraint

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

ker(d1)

<latexit sha1_base64="hui0y/f25sdJQN9QCMbUpycwuko=">AAAB9XicdVBNT8JAEN3iF+IX6tHLRmKCl6YtCHIjevGIiYAJFLLdbmHDdtvsbjWk4X948aAxXv0v3vw3bgETNfqSSV7em8nMPC9mVCrL+jByK6tr6xv5zcLW9s7uXnH/oCOjRGDSxhGLxK2HJGGUk7aiipHbWBAUeox0vcll5nfviJA04jdqGhM3RCNOA4qR0tIg7YsQToiYlf2BfToslizTtmuO5UDLdCq1esPOiFVv1CrQNq05SmCJ1rD43vcjnISEK8yQlD3bipWbIqEoZmRW6CeSxAhP0Ij0NOUoJNJN51fP4IlWfBhEQhdXcK5+n0hRKOU09HRniNRY/vYy8S+vl6jg3E0pjxNFOF4sChIGVQSzCKBPBcGKTTVBWFB9K8RjJBBWOqiCDuHrU/g/6TimXTXPrqul5sUyjjw4AsegDGxQB01wBVqgDTAQ4AE8gWfj3ng0XozXRWvOWM4cgh8w3j4B77KSKg==</latexit>

im(d0)

<latexit sha1_base64="WZalnPRhYUNTXSKFhXeVxka3ehk=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExwM+kAguyIblxiImACI+l0OtDQzoxth4RM+A43LjTGrR/jzr+xPEzU6ElucnLOvbn3Hi/mTGmEPqzMyura+kZ2M7e1vbO7l98/aKsokYS2SMQjeethRTkLaUszzeltLCkWHqcdb3Q58ztjKhWLwhs9iakr8CBkASNYG8lNe1JAJqZF/w6d9vMFZDtOtYRKENmlcrVWd2YE1erVMnRsNEcBLNHs5997fkQSQUNNOFaq66BYuymWmhFOp7leomiMyQgPaNfQEAuq3HR+9BSeGMWHQSRNhRrO1e8TKRZKTYRnOgXWQ/Xbm4l/ed1EB+duysI40TQki0VBwqGO4CwB6DNJieYTQzCRzNwKyRBLTLTJKWdC+PoU/k/aJdup2GfXlULjYhlHFhyBY1AEDqiBBrgCTdACBNyDB/AEnq2x9Wi9WK+L1oy1nDkEP2C9fQIgUZGz</latexit>

ker(d1)?

<latexit sha1_base64="AerG0rnn1+Oq2YP4sZpTL9Z9MCM=">AAAB/XicdVDJTgJBEO1xRdxwuXnpSEzwMpkBBLkRvXjERJaEAdLTFNChZ0l3jwlOiL/ixYPGePU/vPk39gAmavQllby8V5Wqem7ImVSW9WEsLa+srq2nNtKbW9s7u5m9/YYMIkGhTgMeiJZLJHDmQ10xxaEVCiCey6Hpji8Tv3kLQrLAv1GTEDoeGfpswChRWuplDmNHeHgMYprrd+3TrhOCCHuZrGXadilv5bFl5gulcsVOiFWulArYNq0ZsmiBWi/z7vQDGnngK8qJlG3bClUnJkIxymGadiIJIaFjMoS2pj7xQHbi2fVTfKKVPh4EQpev8Ez9PhETT8qJ5+pOj6iR/O0l4l9eO1KD807M/DBS4NP5okHEsQpwEgXuMwFU8YkmhAqmb8V0RAShSgeW1iF8fYr/J428aRfNs+titnqxiCOFjtAxyiEblVEVXaEaqiOK7tADekLPxr3xaLwYr/PWJWMxc4B+wHj7BByalQg=</latexit>

⇢
⌘

����
Z

M
hi ^ ⌘ = Ai

�

<latexit sha1_base64="7Cdza1dlVOF2MlabqcDGKgFNHVA="></latexit>

{⌘ | d⌘ = ��}

<latexit sha1_base64="Y7O74X58s1VqMxS9r1diSmrNHno="></latexit>

H
1(M)

<latexit sha1_base64="E7S9qIfWjpge02UEDWE9WzdGFPw=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTCZ1tbuim66ESrYB7RjyaSZNjbzIMkIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd773EjzqSyrA8js7K6tr6R3cxtbe/s7uX3D9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0404uU79zT4VkYXCjphF1fDwKmMcIVlpqN25R8ep0kC9YJkIV27KhZdqlSrWGUmJVa5USRKY1RwEs0Rzk3/vDkMQ+DRThWMoesiLlJFgoRjid5fqxpBEmEzyiPU0D7FPpJPNrZ/BEK0PohUJXoOBc/T6RYF/Kqe/qTh+rsfztpeJfXi9W3rmTsCCKFQ3IYpEXc6hCmL4Oh0xQovhUE0wE07dCMsYCE6UDyukQvj6F/5O2baKyeXZdLtQvlnFkwRE4BkWAQBXUQQM0QQsQcAcewBN4NkLj0XgxXhetGWM5cwh+wHj7BIVojnY=</latexit>

A = ⌘0 + im(d0)

<latexit sha1_base64="4HrzcSzSIESV4MkdLjvydedoYCY="></latexit>

A =

⇢
⌘ 2 D⌦1(M)

����d⌘ = ��,

Z
hi ^ ⌘ =  i, i = 1, 2, 3

�

= ⌘0 + im
�
d0
�

<latexit sha1_base64="8M8TnVFI/exKqavic7tsyRFMgU4="></latexit>

same as simply connected ambient space!  

⌘0

<latexit sha1_base64="5rDgE9zJh66Kl/7evRKGu1IqvSI=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6at7bgruNFdBfuAdiiZNNPGZpIhyQil9B/cuFDErf/jzr8x01ZQ0QMXDufcy733hAln2iD04aysrq1vbOa28ts7u3v7hYPDlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4vsz89j1VmklxayYJDWI8FCxiBBsrtXrU4D7qF4rI9byq7yOI3FK5WvPLGUG1i2oFei6aowiWaPQL772BJGlMhSEca931UGKCKVaGEU5n+V6qaYLJGA9p11KBY6qD6fzaGTy1ygBGUtkSBs7V7xNTHGs9iUPbGWMz0r+9TPzL66Ym8oMpE0lqqCCLRVHKoZEwex0OmKLE8IklmChmb4VkhBUmxgaUtyF8fQr/J62S61Xc85tKsX69jCMHjsEJOAMeqIE6uAIN0AQE3IEH8ASeHek8Oi/O66J1xVnOHIEfcN4+Aai1jzs=</latexit>



Results







Comparison

PC: H. Parks and J. Pitts 1997





minimize
'

k�⌃ � d'kL2

<latexit sha1_base64="fPGZYN5YwZp2KLNh4Iz2l4rHyLM="></latexit>

Poisson surface reconstruction

minimize
!:d!=⇢

k!kL2

<latexit sha1_base64="L6dh2KTbdMQll+qZCmI/mL1oRMo="></latexit>

Electricity field

minimize
⌘:d⌘=��

k⌘kmass

<latexit sha1_base64="yRhCI2tDb7vd3GX2QkW1w9H3aXc="></latexit>

Minimal surface
: input incomplete surface⌃

<latexit sha1_base64="DPZJioc0nWFFWUdWP/2xBBgeKck=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbtJTNZbwIvHiOYByRJmJ7PJmHksM7NCCPkHLx4U8er/ePNvnE0iqGhBQ1HVTXdXlDCqjed9OCura+sbm7mt/PbO7t5+4eCwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o7Gl5nfvidKUyluzSQhIUdDQWOKkbFSq3dDhxz1C0XP9f1qEHjQc0vlai0oZ8SrXVQr0He9OYpgiUa/8N4bSJxyIgxmSOuu7yUmnCJlKGZklu+lmiQIj9GQdC0ViBMdTufXzuCpVQYwlsqWMHCufp+YIq71hEe2kyMz0r+9TPzL66YmDsIpFUlqiMCLRXHKoJEwex0OqCLYsIklCCtqb4V4hBTCxgaUtyF8fQr/J62S61fc8+tKsR4s48iBY3ACzoAPaqAOrkADNAEGd+ABPIFnRzqPzovzumhdcZYzR+AHnLdP3+mPUg==</latexit>

: input boundary curve�

<latexit sha1_base64="XjMPp07BGb1QC4E5sSmJo2U9pG8=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbtJTNZbwIMeI5gHJEuYncwmY+axzMwKIeQfvHhQxKv/482/cTaJoKIFDUVVN91dUcKoNp734aysrq1vbOa28ts7u3v7hYPDlpapwqSJJZOqEyFNGBWkaahhpJMognjESDsaX2Z++54oTaW4NZOEhBwNBY0pRsZKrd4V4hz1C0XP9f1qEHjQc0vlai0oZ8SrXVQr0He9OYpgiUa/8N4bSJxyIgxmSOuu7yUmnCJlKGZklu+lmiQIj9GQdC0ViBMdTufXzuCpVQYwlsqWMHCufp+YIq71hEe2kyMz0r+9TPzL66YmDsIpFUlqiMCLRXHKoJEwex0OqCLYsIklCCtqb4V4hBTCxgaUtyF8fQr/J62S61fc85tKsR4s48iBY3ACzoAPaqAOrkEDNAEGd+ABPIFnRzqPzovzumhdcZYzR+AHnLdPynWPRA==</latexit>

: distribution of charged particles⇢

<latexit sha1_base64="77P8D6mOP5lCUa2r3dUMqUYwJ4w=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQtLWNu4KblxWsA9oQ5lMJ+3QeYSZiVBCf8GNC0Xc+kPu/BsnbQUVPXDhcM693HtPlDCqjed9OGvrG5tb24Wd4u7e/sFh6ei4o2WqMGljyaTqRUgTRgVpG2oY6SWKIB4x0o2m17nfvSdKUynuzCwhIUdjQWOKkcmlgZrIYansub5fDwIPem6lWm8E1Zx4jat6Dfqut0AZrNAalt4HI4lTToTBDGnd973EhBlShmJG5sVBqkmC8BSNSd9SgTjRYba4dQ7PrTKCsVS2hIEL9ftEhrjWMx7ZTo7MRP/2cvEvr5+aOAgzKpLUEIGXi+KUQSNh/jgcUUWwYTNLEFbU3grxBCmEjY2naEP4+hT+TzoV16+5l7e1cjNYxVEAp+AMXAAfNEAT3IAWaAMMJuABPIFnhzuPzovzumxdc1YzJ+AHnLdPlDaOlg==</latexit>

Geometric least-square problem

minimize
⌘:d⌘=!

k⌘kL2

<latexit sha1_base64="LGsORMjzLughSs49Fh9bA4ouNGA="></latexit>

: some input differential form!

<latexit sha1_base64="+mYZX0vCz2d3vFzjhGBLF7ES9oA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJtbcddwY3LCvYB7VAyaaaNzSRDkhHK0H9w40IRt/6PO//G9CGo6IELh3Pu5d57woQzbRD6cHJr6xubW/ntws7u3v5B8fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOruZ+554qzaS4NdOEBjEeCRYxgo2V2n0Z0xEeFEvI9bya7yOI3HKlVvcrc4Lql7Uq9Fy0QAms0BwU3/tDSdKYCkM41rrnocQEGVaGEU5nhX6qaYLJBI9oz1KBY6qDbHHtDJ5ZZQgjqWwJAxfq94kMx1pP49B2xtiM9W9vLv7l9VIT+UHGRJIaKshyUZRyaCScvw6HTFFi+NQSTBSzt0IyxgoTYwMq2BC+PoX/k3bZ9aruxU211PBXceTBCTgF58ADddAA16AJWoCAO/AAnsCzI51H58V5XbbmnNXMMfgB5+0TBMqPag==</latexit>



General mass norm minimization

• Poisson surface reconstruction 

• Replacing L2 norm with mass norm…

minimize
'

k�⌃ � d'kL2

<latexit sha1_base64="fPGZYN5YwZp2KLNh4Iz2l4rHyLM="></latexit>

minimize
'

k�⌃ � d'kL2 ⌃

<latexit sha1_base64="BqxZ1ar4aSaBmZjpxzXPOLhRQuM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmba2o67giAuK9oHtEPJpJk2NskMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxAzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnmFxkfueeSEUjcaunMfE5GgkaUoy0kdr9GzriaFAsObbr1jzPgY5drtTqXiUjTv28VoWu7cxRAks0B8X3/jDCCSdCY4aU6rlOrP0USU0xI7NCP1EkRniCRqRnqECcKD+dXzuDJ0YZwjCSpoSGc/X7RIq4UlMemE6O9Fj99jLxL6+X6NDzUyriRBOBF4vChEEdwex1OKSSYM2mhiAsqbkV4jGSCGsTUMGE8PUp/J+0y7Zbtc+uq6XG5TKOPDgCx+AUuKAOGuAKNEELYHAHHsATeLYi69F6sV4XrTlrOXMIfsB6+wTkH49g</latexit>

[Kazhdan et al. 2006]



General mass norm minimization

minimize
'

k�⌃ � d'kL2

<latexit sha1_base64="fPGZYN5YwZp2KLNh4Iz2l4rHyLM="></latexit>

minimize
'

k�⌃ � d'kmass

<latexit sha1_base64="R0qEfE2fd42KDysXlGsFdtKkApc="></latexit>

minimize
'

k�⌃ � d'kL2

⌃

<latexit sha1_base64="BqxZ1ar4aSaBmZjpxzXPOLhRQuM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmba2o67giAuK9oHtEPJpJk2NskMSUYoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxAzqrTjfFi5ldW19Y38ZmFre2d3r7h/0FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnmFxkfueeSEUjcaunMfE5GgkaUoy0kdr9GzriaFAsObbr1jzPgY5drtTqXiUjTv28VoWu7cxRAks0B8X3/jDCCSdCY4aU6rlOrP0USU0xI7NCP1EkRniCRqRnqECcKD+dXzuDJ0YZwjCSpoSGc/X7RIq4UlMemE6O9Fj99jLxL6+X6NDzUyriRBOBF4vChEEdwex1OKSSYM2mhiAsqbkV4jGSCGsTUMGE8PUp/J+0y7Zbtc+uq6XG5TKOPDgCx+AUuKAOGuAKNEELYHAHHsATeLYi69F6sV4XrTlrOXMIfsB6+wTkH49g</latexit>

[Kazhdan et al. 2006]• Poisson surface reconstruction 

• Replacing L2 norm with mass norm…



least mass norm 
(ours)

least L2 norm incomplete surface 
(input) 



General mass norm minimization

• Electric field around charged particles 

• Replacing L2 norm with mass norm…

minimize
!:d!=⇢

k!kL2

<latexit sha1_base64="L6dh2KTbdMQll+qZCmI/mL1oRMo="></latexit>

minimize
!:d!=⇢

k!kL2

<latexit sha1_base64="L6dh2KTbdMQll+qZCmI/mL1oRMo="></latexit>



General mass norm minimization

• Electric field around charged particles 

• Replacing L2 norm with mass norm…

minimize
!:d!=⇢

k!kL2

<latexit sha1_base64="L6dh2KTbdMQll+qZCmI/mL1oRMo="></latexit>

minimize
!:d!=⇢

k!kmass

<latexit sha1_base64="d/OYg1Ad7zjo21OrnS7fLHK386U="></latexit>

minimize
!:d!=⇢1�⇢2

k!kL1minimize
!:d!=⇢

k!kL2



General mass norm minimization

• Electric field around charged particles 

• Replacing L2 norm with mass norm…

minimize
!:d!=⇢

k!kL2

<latexit sha1_base64="L6dh2KTbdMQll+qZCmI/mL1oRMo="></latexit>

minimize
!:d!=⇢

k!kmass

<latexit sha1_base64="d/OYg1Ad7zjo21OrnS7fLHK386U="></latexit>

minimize
!:d!=⇢1�⇢2

k!kL1

minimize
!:d!=⇢

k!kL2

Keywords: Beckmann problem, earth mover distance [Solomon et al. 2014]. 



Summary
Eulerian geometry representation + general mass norm minimization

Figure courtesy: H. Schumacher and M. Wardetzky 2019 Figure courtesy: U. Pinkall and K. Polthier 1993

• Differentiable geometry representation for inverse rendering and 3D deep learning 

• Convex representation via manifold superposition 

• Sparsity provided by mass norm minimization 

• Limitations: non-manifold surfaces, non-oriented surfaces



Thank you for your attention!
Stephanie Wang 

      stw006@eng.ucsd.edu 
 

Project page: https://cseweb.ucsd.edu/~alchern/
projects/MinimalCurrent/ 
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